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Preface

Mathematics Biennial 2018. Teachers, school administrators, teacher trainers, researchers from all
over Sweden attended the mathematics biennial at KARLSTAD University-86/25 It is a

recurring Conference carried out every two years at differentisi®@seden. Participants have the
opportunity to choose among 200 different program points and five of the lecturers are international
researchers.

01. At my stand | presented 19 posters.

The 25h Adults Learning Mathematigsternational conference, ALM25, was held in Londion,

July, 2018 with the theme: Boundaries and Bridges: adults learning mathematics in a fractured
world. The conference asked for 1000word submissions together with a 200word extended abstract.
| sertin 4 proposals.

02-03. Migrants Master Many by Reounting in Block & Per-numbers, having the abstract:
Children show a surprising mastery of Many wheoanting totals in the same or in a different
unit, as well as to and from tens. And children enjsiypg a calculator and a-s®unt formula to
predict recounting results. Thus, children bring to school-tumensional LEG@ike block-
numbers that are different from the edienersional linenumbers taught in school, seeing
cardinality as linear. Solvinequations when feounting from tens to blocks, apdacticing
proportionality and calculus when addingtmp and nexto, blocknumbers offer a direct way to a
quantitative competence that allows migrants help rebuild their original country.

04-05. Math: Useful Abstractions or an Undiagnosed Compulsory Cure? Conflicting Theories in
Mathematics Educatiohe chapters ar@€hilosophical Controversies, Psychological
Controversies, Sociological Controversies, and Mathematical Controversies.

06-07. A STEM-based Mathematics without Additiohaving the abstradts many applications

make mathematics useful. But of course, it must be learned before it can be applied. And since it is
hard, there is no alternative to hard work? Well, observing the quantitativeetence children

bring to school, we discover as an alternative to the presebasetl mathenatics a Mambased
Oma-mgti csdé6. To answer the question 6How many
same or in a different unit, as well asatad from tens; also, we doubteunt in two different units

to create penumbers, becoming fractions with like units. To predict a recounting result, we use a
recount formula occurring all over the STEM subjects.

08-09. Cure Math Dislike with 1 Cup & Sticks: New Meanings to Numbers, Counting, Operations &
Fractions

10-11. Good Math & Goofy Math, which is Trueifhe chapters are Good and Goofy Statements,
Good and Goofy Concepts Good and Goofy Textbooks Good and Goofy Math

12-13. A Core STEM Curriculunfior Young Migrantshaving the abstract Obser vi ng c hi
guantitative competence uncovers as an alternative to the presdetigett mathenatics a Many
based-mamancysd6. To answer the question 6dHow man
the same or in a different unit, as well as to and from tens; also, we amuiriein two different

units to create pemumbers, becoming fractions with like units. Results are predicted by a recount
formula occurring all over the STEM subjects.

To the £th PME Conference in Sweden | s@na short oral communication and a poster.
14. Fifty Years of Ineffective Math Education Research, Why? Oops, Wrong Numbers, Sorry
15. Rethinking LineNumber Arithmetic as Bloclumber Algebra

| sert in three proposals for the Mathematics Education in the Digital Age Conferefce 5
September 2018University of Copenhagen

16. A CountbeforeAdding Curriculum for Preschool and Migranksaving the abstract: Children

show a surprising mastery of Mamyth a quantitative competence where totals areoumted in the

same and in a different unit, as well as to and from tens. And children enjoy using a calculator and a
re-count formula to predict reounting results. Thus, children bring to school-tlimensional



LEGO-like block-numbers that are different from the edienensional linenumbers taught in school,
seeing cardinality as linear. Allowed to keep their blacknbers, children and migrants will be
practising proportionality and calculus when addatgck-number ortop and nexto; and will be
solving equations when+®unting from tens to blocks.

17. Differenceresearch Saving Dropout Ryan with a8 Calculatorhaving the abstract: At

principal asked for ideas to lower the number of dropoupseitalculus classes. The author

proposed usingacheap812, but the teachers rejected sayi
TI-k30. Still the principal all owed buying one f
replaced the textbook. Afomu | a-@rsd righthdnd side were put on theligt as Y1 and Y2 and
eqguations were -$2|=veld.byExperliveencYilng meani ng
learners put up a speed that allowed including the core of calculus and ninesproject

18. Conflicting Theories Help Teachers Improve Mathematics Educdtanng the abstract:
Traditionally, education is seen as teachers transferring institutionalized knowledge to individual
learners. As such, education involves several choices. 8aalidrs teach or guide? Is mathematics

an eternal truth or a social construction? Is it knowledge about, or knowing how to? How to

motivate learning? Should a class be optional or mandatory? To answer, teacher education refers to
theory from philosophy, gghology and sociology. Including the existence of conflicting theories

will allow teachers try out alternatives if wanting to improve mathematics education.

To the 2018 CTRAS Conference in China | sémee proposals

19. Addition-free Core STEM Curriculm for Late Learners along the Silk Ro&cving the

abstract: Its many applications make mathematics useful. But to solve core STEM tasks you need
no addition, thus calling for an additidree curriculum. Observing the mastery of Many children

bring to stiool we discover, as an alternative to the preseriastd mathenatics, a Mambased

0 Ma-mgticsd6. To answer the question OHow many
same or in a different unit, as well as to and from tens; also, we doalni¢ in two different units

to create penumbers, becoming fractions with like units. To predict a recounting result, we use a
recountformula being a core in all STEM subjects.

20. Good, Bad & Evil MathematicsSociological Imagination in MatBducation

21. Remedial Math MicroCurricula When Stuck in a Traditional Curriculyrhaving the abstract:

Its many applications make mathematics useful; and of course, it must be learned before applied.
Or, can it be learned through its original roots?&dasg the mastery of Many children bring to

school we discover, as an alternative to the presetiaseld mathenatics,aMamp ased - 6 Many
maticsd. Asking O6How many in total?d&d we count
as well as t@nd from tens; also, we doulteunt in two units to create paumbers, becoming

fractions with like units. To predict, we use a recefaninula occurring all over mathematics. Once
counted, totals can be added nexbr ontop rooting calculus and progimnality. From this

6 CobeafotreAd di ng 6 c ur smaticswfifers remedisl anitrgurricula for classes stuck

in a traditional curriculum.

The next article was published in Journal of Mathematics Education, March 2018, Vol. 11, No. 1,

22. Masterirg Many by Counting, Reounting and Doubleounting before Adding Gtop and

Nextto, having the abstract: Observing the quantitative competence children bring to school, and
by using differenceesearch searching for differences making a difference, seedr a different
O0Ma-mgticsdéd. Here digits are icons with as man
also, used when bundtmunting produces twdimensional blockhumbers, ready to be-omunted

in the same unit to remove or create overfomdmake operations easier; or in a new unit, later
called proportionality; or to and from tens rooting multiplication tables and solving equations. Here
doublecounting in two units creates peumbers becoming fractions with like units; both being,

not numbers, but operators needing numbers to become numbers. Addition here occurgdymth on
rooting proportionality, and nesto rooting integral calculus by adding areas; and here trigonometry
precedes geometry.



At the EARCOMES conference in Taiwan | peesed a lecture and a paper
23-24. Good, Bad & Evil MathematicsTales of Totals, Numbers & Fractigrdus a PPP
25-26. The Simplicity of Math reveals a Core Curriculunfus a PPP

The next paper addresses the Eleventh Congress of the EuBmmety for Research in
Mathematics Education (CERME11), the Thematic Working Group 26, Mathematics in the Context
of STEM Education. The paper was rejediedpresentation.

Addi ti onM&treeRMotige dCauwmn SITEM Rer musltarsa c th:a vS Tn
typically contain mul ticpluing¢datmigon nf adi mdlea € ne x p
addi-ftriecen curricul um. The mastery of Mabnays ecdh i |
OMa-mgticsbd as an altt ereifdetrifviers g dbsnetdhtelcegr e Fen an s
guestion OHow many +dmummot alo?@l weiootmte sm@mdner o
as to and from -teust Bhsbwowsauoohbebétpep beeamieng
with |ike units.ccowntprfeadrimul,a wees uas ec ar @ ef or mu |

The nextwo paperaddresghe ICMI Study 24, School Mathematics Curriculum Reforms:
Challenges, Changes and Opportunitiesjkuba, 2630 November 2018. It wasccepted for
presentation.

28-29. A Twin Curriculum Since Contemporary Mathematics May Block the Road to its
Educational Goal, Mastery of Manlgaving the abstracMiat hemat i ¢s educati on

| eaves many issues unsolved after half a cent
ask i f grand theory may be helpful. Here phil
epi stemol ogiaay omhetdrgnobriMng to school i nst
mat hematics upon them. And sociology warns ag
contemporary institutionalized mat hemat,ics as
instead of aiming at its outside root, master

to unite, described and i mpl eRénsevd tPHRPP o0 ugsl iac

. A New GCBrurti dwlrunmvVhi ch oMatthleematx c s iEedsuscaay fi @
observations and reflections athaWwiendg Civh epsaarits
of i nstitutionalized education, mathematics n.
however ¢ hofeem&i m@mat ec e ROtspeetecde ngastcd mat hemat
two kinds of-yeducht nypemaranbdlldcadsf. Thus, there a
education to choose from beforaefdediadigngr gon
curriculum stay within the actual kind or <che
from the conference suggests t hayearuroarrcruidcau |s:
to | ogelar hald criocaunda maybe-sehareqd rtic pnasthemat i c

Allan Tarp, Aarhus Denmariecembe018
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Saving the Princess with BundleNumbers

Once upon a time, a Princess was stuck in division. She simply could not do 336/7
locked herself in behind a bush of thorns. The King summoned all the Wise who ac
that the Princess should be motivated by reformulating the task to split 336 among
Only a newcomer objected that the tas
tens, so please wait at the | awn out s
above or below or to the right or left of 336, the Wise recommended all metizabisut
together with an alternative method saying no method at all allowing the Princess t
invent her own method. But nothing helped.

ARAre there no other methods? Who i-s
comer with cr airypfstrodgemtesis fromBhe Wise tine Kmgplet him

AYou al so want to teach me division?c
sticks that we will count. o fABut t hey
bundles of 2s. As we s&® our hand, this can be done in three ways: as 1 bundle &
2 bundles & 1, and as 3 bundles less 1. Using the cup for the bundles, we see that
numbers have inside bundles and outside singles; and that a total can be counted
standardwayowi t h an outside overl oad or an

ABut 1 sndét 336 a name -lIfiome a0 ptohentPrfian

ANo. 336 -numbenas ¢vergonelclaimsgitis a bundlenber. Asking 3year
olds fiHow ol d nextjecme?o0o #dhéyngaysdt
i's not 4 that i1s 2 2s.0

Children both see and count the bundles; and cc
to school with 2dimensional bundfeimbers or i
block-numbers with the core of mathematics insit |
them: 3 2s may be added to 1 4$wi0 ways; OR
top, the units must be the same, and changing u
IS just another word for proportionality; and néat
means adding areas which is just another word f
integral calculus.

So 336 is a bundlaumber with 33 bundles inside
and 6 singles oude. Wanting 28 bundles inside v
move 5 bundles outside; so 33B6 and 28B56 is t
same number just recounted with an overload.
Counted in 7s we have 4 inside and 8 outside.

Consequently, a block of 33 tens & 6, or 336, ca
be recounted as a block of 48 ihich makes
sense since a shorter

All of a sudden, the thorns changed to roses. The Newcomer got the Princess and
kingdom where they lived happily ever after.

B



GoodMath: MAN Y-Math

Tales abouftl otals
MANY-matics A Natural Science aboMANY

Meeting MANYwe ask:

HowManyAy ¢ 201 f K

To answer, weundleand Stack in Blocks

T =345 =38B + 4*B+ 5*1, or

T =345 =3"2 + 4B+ 5*1,

TheSIMPLICITY¥f MANY-Math
Firstlconize& Count& ReCount
then AddOnTop& NextTo

4 ways to add:b > F

Algebra . Variable Constant
unite/ split

Unit- T = a+n T = a*n
numbers T-a =n T/a=n

Per ¢ I K T =a’™n
numbers dT/dn=a | loga(T)=npK ¢ T

3



BadMath: SETMath

Tales abouiNumbers

METAmMmMatics. concepts as examples of

abstractions, not as abstractions of examples

00. Digits aresymbols noticons

01. Numbers ard.dimensional linear namesnot
2dimensional blocks

02. Onlyten-counting, noicon-counting

nod MMPs YAy Y .2 he

04.Add & Subtractefore Multiply & Divide

05. OnlyOnTop addition- no NextTo addtion

06.6*7 IS 42c not 6 /sor 4.2 tens

07. 8/4 1S &plit by 4 not 8counted in 4s

08. Norecountingto create or removeover- or
underloadswhen operating on numbers

09. Solving equations bgeutralizing not by
recountingin icons or reversed operations

10. Functions aset-relations; not as number
languagesentencesabout the Total

11.Planebefore coordinate geometry not
trigonometry before coordinate geometry

12. Differential before Integral Calculus.



EViIIMATH:FractionrMath

Tales aboutOperators
Mathema-TISM True inside, but seldom outsid

B | ]
Claim 1/2+2/3 1S 7/6
Butl blueof 2 + 2 of 3 is Bluesof 5,
and not 7bluesof 67

Claim 2+3 IS 5
But 2weeks + 3days is 17days”?

Never ADD without units

00. Fractions are numbersnot operators needing
numbers to become numbers

01. Fractions add without unitsnot with units
making it integral calculus

02. Fractions beforgercentages and decimals;
not the inverse order

03. Fractions are equivalence classisa set
product; not per-numbers from double
counting in the same unit




Core Mathfrom Childhood

Proportionality in Primary & Middle School

1 Recount to change unit: 2= (2*3/5)*5 = 1.15s
{ With 2%/5kg, 2Gkg = (20/5)*%kg = (20/5)*25 = 85

1 Adding OnTop, 3s+ 45s= ?5s

Calculusn Primary & Middle School_

1 Adding NextTo 3s+ 45s= ?8s

2kg at 3b/kg
+ XKg at 3b/kg

(2+4kg at 3+5)%/kg
Unit-numbersadd ontop.
Pernumbersadd nextto asareasunder

the pernumber graph.

A $/kg
S

3

2*3 $

455

»

0

2

6 kg

~ormulasin Primary & Middle School

1 NumberLanguage Sentences about the Total, T = 4.2 tens = 4.
1 The general NumberFormula T =B32+4*B+5 with its examples
TT=a*x2+b**x+c; T=m*x, T=m*x+=%,aFx*n, T = a*n™x

Equationsin Primary & Middle School

wS 02 dzy

A O 42= @2/7)*%, X 2 42/7 dpposite side & sigh

The ReCount Formula is all over Mathematics

ReCountformula: T=(T/BY*B W+ NP Y ¢ X

¢ K . GAYS.

ReCountina T =(T/B*B T =8=(8/2)*2 = 4*2 =2s
Prooortionalitv $ = ($/kar*ka $ = price*ka

Coordinate Geometry | Dy = Dy/Dx)*Dx Dy = m*Dx

Differential Calculus dv = (dv/dx)*dx dv = ¥ dx

Triaonometrv a = (a/c)*c = sinA*c: a = (a/b)*b = tanA*b
Linearitv v = k*x C I' YFI X RAATD
Eioenvalues | - [ 9F . Schroedinaer Eauation




Grand Theoryn Math Ed Res.

BAUMAN & WEBEBeware of GoaMeans exchanges

ARENDT: - and of the Banality of Evil
HEIDEGGEREespect the Subject & question the Predica
FOUCAULT: - also gquestion Cures and Institution

Difference Research

Finding Differences making Rifference
Almost Everything can be Different

DIGITS: lconsvs.symbols

NUMBERS: 2D blocksvs. 1D lines
OPERATIONS: Iconsvs.inter-set mappings
ADDITION: OnTop/NextTovs. after
MULTIPLICATIONReCountingo tens vs.tables
DIVISION: ReCountindrom tens vs.splitting

RECOUNTING  Changingunits vs. neglect
DOUBLECOUNTINProportionality vs. neglect
PERNUMBERS  Core numbers vs. neglect
FRACTIONS: PerNumbersys.rational numbers
FRACTIONS: Operatorsvs.rational numbers
FORMULAS: Total statementsvs.inter-set relations
EQUATIONS: ReCount in icongs.open statements
GEOMETRY: Trigonometrybefore coord. geometry
vs.plane geometry first
POLYNOMIALS: Numberformulasvs. functions
CALCULUS: Integrate bef. differentiate vs. inverse
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1Year online CATFSourse

CATS: Count & Add in Time & Space
Self |nStrUCting QUEST'ON%rimary, 2: Secondary School

How to count Many?

Cl Howtorecount8ir8s T=8=3s
COUN1How to count instandard bundles?
How to recount &gin $ with 2$/4kg T = &g= 3
C2 |How can we count possibilities?
COUNTHow can we predict unpredictable numbers?
A1 How to add blocks concretely?
ADD T=27+16 =tén7 + Xen6 = 3enl3 =7?
How to add blockabstractly?
What is a prime and a folding number?
A2 .
ADD What is a pemumber?
How to add pemumbers?
T1 How can counting & adding be reversed ?
Counting Bsand adding 2 gave 14.
TIME .
Can all calculations be reversed?
T How to predict the_ terminal number
TIME 1 If the change Is constant? |
1 If the change is variable, but predictable?
S1 'How to count plane and spatial properties of blo
SPACEand round objects?
S2 |How to predict the position of points and lines?
SPACEHow to use the new calculation technology?
oL What is quantitative literature? Does it also have

3 different genres: fact, fiction and fiddle?




1Week STEMCourse
The Simplicity of Math:
FirstCount& ReCount then AddOnTop & NextTt

Day 01.Good& Bad& EvilMath in General
The root of math: MANY or SET

Day 02.Good& Bad& EvilMath in Primary School
Iconize & Count & ReCount before you ADD

Day 03.Good& Bad& EvilMath in Middle School
DoubleCounting and PerNumbers vs. Fractions

Day 04.Good& Bad& EvilMath in High School
Calculus: adding locally constant PerNumbers

Day 05.GoodMath in aSTEMsetting
PerNumberdredicting Matter in Time and Space




|Is Math T ru@iways or sometimes?

Is this True | Always Never Sometil

2+ 3=°F $

2weeks + 3days = 17days; only with the same
— AaX
2X3 =4

2x3 is Z3slll llithat can always be recounted adé

+-=- @@ O@©O@ s

1 red of 2 apples + 2 of 3is 3 of 5, and not 7

X
Only if taken ofthe same total

for example 2+x, but not 2+3.e. a name for a calculatio

: with an un ified number f ET, 1750900
AFLJNCTIONB an unspec ed numbe . (beorgS )
an_example of a set relationwhere first component
identity implies second component identigfter SET 1900)

Is Mathematics Well Defined”

Ancient Greece

A commonLABELlor Quadrivium Arithmetic, Geometry, Music & Astronon
(Many by itself and in space & tim&@yivium: Grammar, Logic, Rhetoric

PreModern

AcommonABEF 2 NJ ! NAOGKYSGAO 3 DS2YSUGNET
Modern

A selfreferring SETof Proofsabout SETderivedConcepts

PostModern

Many-math: ANatural SCIENCEounting & Adding & Predictirigany.
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PYRAMIEDUCATION

8 learners organized in 2 teams with 2 instructors and 3 pairs by
1 Each pair works together to solg®unt&Add problems.
{1 The coach assists the instructors when instructing their team
when correcting thedount&Add assignments.

{ Each learner paysy coaching a new group of 8 learners.

1 Coach

2 Instructors
3 Pairs

2 Teams
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Bewareof

INSTITUTIONSchanging goals and means
{ The goal of math education is tearr—math

TEACHERSCching Bad & Evil math

T
1'
1'
1'

master Many with quantitative competence

LINEnumbers instead of BLOGKumbers
| Addition before Counting & Multiplication
 Adding Fractions without units

R
T

 Differential before Integal Calculus

ESEARQhtritically

'researching itself instead of math education
' exemplifying instead of questioning itself
'accepting math as selfeferring MetaMath

1'
1’
1'

'accepting 50 years of unsuccessful research

FORCED CLASSES

{ Constraining young people tetay with their

agegroup for several yearsinstead of choosing
their own dalily Y2year blocks in order to uncover
and develop their personal talent

12



Rejected Research Paper

Allan Tarp, MATHeCADEMY .net, the 2018 MADIF Conferenc:

TheSimplicity of Mathematics Designing a STEM

ath Curriculum for Young Male Migra
f aK2NIl3ISa RSAONAOSR
GSRSYQ OKIFffSy3asS GNJ

young/ malg’nigragis gnting a.more civilized education to return
help etyuil ir own~country. Research offers little help
as witnessed by Cowtj @MSA scares despite 50 years of

e IS De

mathematics education r 4e different? Can
mathematics and edication affd §esearch
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02. Migrants Master Many by Re-counting in Block- & Per-numbers - Short

Observing the guantitative competence children bring to school, and using diffezsaaech,
finding differences making a difference, we discover as a difference to the predeadestimathe
maticsaMamb a s e d :-matmamns/06 .

Here digits are icons witas many sticks as they represent. As are operations where division,
multiplication and subtraction allow a total of seven to be buodimted as T = 2B1 3s, i.e. as a
numberlanguage sentence with a subject, a verb and a predicate as in tHanwguag; thus
producing twedimensional blockhumbers, ready to be-munted in the same unit to remove or
create overloads or underloads to make operations easier; or in a new unit, later called
proportionality; or to and from tens rooting multiplication tabdend solving equations.

Here doublecounting in two units creates peumbers, becoming fractions with like units; both
being, not numbers, but operators needing numbers to become numbers.

Here addition occurs etop rooting proportionality, and nekb rooting integral calculus by adding
areas; and here trigopnometry precedes plane and coordinate geometry.

Solving equations when+@unting from tens to blocks, and practising proportionality and calculus
when adding o#top and nexto, blocknumbers ofér a direct way to a quantitative competence that
allows migrants help rebuild their original country.

03. Migrants Master Many by Re-counting in Block- & Per-numbers - Long

Children show a surprising mastery of Many wheftoenting totals in the same or a different
unit, as well as to and from tens. And children enjoy using a calculator andaure formula to
predict recounting results. Thus, children bring to school #hmensional LEG@ike block
numbers that are different from the edienension&line-numbers taught in school, seeing
cardinality as linear. Solving equations whera@unting from tens to blocks, and practising
proportionality and calculus when adding-top and nexto, blocknumbers offer a direct way to a
guantitative competendhat allows migrants help rebuild their original country.

Meeting Many

Differencer e search, finding differences making -a di
mati cs6, mastering Many by bundl i ickgintaioodswih a c k
e.g. five sticksintheb con i f written | ess sloppy. Counted

lfo oy - r—— = =g
[ A S s Qe e R s

1 2 3 4 5 6 7 8 9

Holding 4 fingers together 2 by 2, a3y@at d wi | | say O6Thatdescebinpgot 4,
what exists, a number of bundles that may or may not-bedceu nt ed as ones.- Thi s
C 0 U nt icaugtidg a tatakin icofundles. Thus, a totdlof 5 1s is recounted in 2s a§ = 2 2s

& 1. Here the bundles can be placed ingideindlecup with a stick for each bundle, leaving the
unbundl ed singles outsnirdalT=ZBidd2 sdesawi beéeaipypald
T=2.12s, where a decimal point separates the inside bundles from the unbundled singles outside
the bundlecup

T=5= I I H#1 @IIW Bi2s = 2.12s

Entering 65/ 26, we ask a calculator o6from 5 w
singles come by t akiin2g* 2abwma yT hReprédsmsshatéhr2s 2<sla,s ki n g
2.1 2s as indirectly predicted on the bottom line.

512 2.some
512*2 1
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We see that also operations are icons: a stack of 2 3s is iconized as 2*3, or 2x3 showing a lift used 2
times to stack the 3s; division shows breom wiping away bundles, and subtraction shows the
trace left when taking away a stack only once.

A calcul at orcotumdt s fTog( BB a@a &tdéa epr e dT, T/BtimesBadan 6 f r o1
be t aken acsumntfdmuladcourssall oveeathematics: when relating proportional

quantities ay = c*x; in trigonometry asineandcosineandtangent e.g.a = (a/c)*c = SinA*c, in

coordinate geometry as line gradien®,= (Oy/Lx)* x = c*[Xx; and in calculus as the derivative,

dy = (dy/dx)*dx =y 0 * d x

Recounting in the same unit and in a different unit

Once counted, totals can beasunted in the same unit, or in a different unit-deenting in the
same unit, changing a bundle to singles allowsounting a total of B1 2s as B3 2s with an
out si de O6o0vBelr [20sadwd;t horanasout si de dédunder |l oadd t

Re-counting in a different unit means changing unit, also called proportionality or linearity. Asking
63 4s is how many 5s?06,B25sti cks show that 3 4s

Entering 63*4/ 56 we ask a calculator o6from 3
the singles come by takRhgodbawdhe2abswethu, ap
be recounted in 5s asB2 5s or 2.2 5s.

Recountingto and from tens

Asking 63 4s = ? tens6 is called tibmdesandrabl es
bundle shows that 3 4s is 1.2 tens. Using theotent formula is impossible since the calculator has

no tenrbutton. Instead it is presgmmed to give the answer as 3*4 = 12, thus using a short form that
leaves out the unit and misplaces the decimal point one place to the right, strangely enough called a
O6natural 6 number.

Recounting from tens t o i conuatioby =33sltkisieasty 638 =
solved by recounting 38 in 7sx*7 = 38 = (38/7)*7. Sox = 38/7 =5 & 3/7 as predicted by a
calculator showing that 38 = 5.3 7s = 5*7 + 3.

Double-counting creates proportionality as pgrumbers
Counting a quantity in 2 differnt p hy si cal -nwmibtes 6giase e . @ .0 R&r p e

To answer T4 e6 § u=e s2dountdd,in dsvsincerthe paumber is 2$/3kg: 6% =
(6/2)*2% = (6/2)*3kg = 9kg. And vice=versa: A
(22/3)*3kg = (12/3)*2%$ = 8%. Doubleounting in the same unit creates fractions and percent: 2$/3%

= 2/3, and 2$/100% = 2/100 = 2%.

Once counted, totals can be added-tmp or nextto

Addingont op i n 5s, 5&3? a@gmtingenudt make the=unitd the same. Asking a

calcul ator , the two answer s Bl58.8incsa335nsmdareand 06160
addingnet o in 8s, 063 5s + 2 3s = ? 8s?6, means a
calcul ator , the two answer sB58.2. somed6 and 656

Reversing adding ottop and nexito

Reversed addition is called backward calculation or solving equations. Revershtg addition is

called reversed integration or differenti i on. Asking 63 5B &8rsd 6h o w sm:
sticks will give the answerBl 3s.Adding or integrating two stacks nebat each other means

multiplying before adding. Reversing integration then means subtracting before dividing, as shown

in thegradient formulay 6 Oy = (y21 yl)/t

References
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04. Math: Useful Abstractions or an Undiagnosed Compulsory Cure? Conflicting
Theories in Mathematics Education - Short

Many countries face poor PISA results despite 50 years of research. Is this caused by conflicting
theories?

Within philosophy, ancient Greece saw a controversy between the sophists, warning against choice
presented as natur@nd the philosophers seeing choice as an illusion since the physical is but
examples of metaphysical forms. The natural science reinvention of scepticism inspired the two
Enlightenment republics, the American and the French, transforming scepticismagmogism

and poststructuralism.

Within psychology, a controversy exists between Vygotsky and Piaget recommending teaching as
much and as little as possible.

Within sociology, a controversy exists between a structure and an actor viewpoint, reflecting
sodeties with high or low degree of institutionalization. Thus, Foucault sees knowledge as socially
constructed discourses; and describes school s
and a hospital: the learners are fixed in classroomsiagdaked as ignorant to be cured.

Today two mathematics discourses exist. One is the institutionalized presentation of a body of self
referring knowledge being useful through its many applications.

The other is a silenced discourse seeing mathematics as a natural science about Many expressing
itself in numbe#language sentences with a subject and a verb and a predicate as in the word
language.

05. Math: Useful Abstractions or an Undiagnosed Compulsory Cure? Conflicting
Theories in Mathematics Education - Long

Philosophical Controversies

Ancient Greece saw two forms of knowledge, <ca
choice would prevent patronization by choice presented as natuige pbitosophers, choice was

an illusion since the physical is examples of metaphysical forms only visible to the philosophers
educated at Plato's Academy. The Christian Church eagerly took over a metaphysical patronage and
changed the academies into moaass, until the Reformation changed some back again.

By letting the laboratory precede the library, natural science reinvented scepticism. Newton
discovered that falling objects obey their own will instead of that of a patronizor. This inspired the
Enlightenment Century and it two republics, the American and the French, transforming scepticism
into pragmatismandpestt r uct ur al i sm, based upon existent.i
preceding essencebo; and wi t mespedtthe stbgct, g gqugsBon w a
the predicate since it might be gossip. Thus,-ptsicturalism deconstructs ungrounded diagnoses
forcing humans to accept unfounded patronization.

Psychological Controversies

As to how learners acquire knowledge, seleoastructivist theories exist among which are
Vygotskian and Piagetian social and radical constructivism disagreeing by recommending teaching
as much and as little as possible.

Vygotsky sees knowledge as essence to be transferred by good teachingetiauearner can

only take in unknown sentences about subjects already known, so the teacher must know the
individual 6zone of proximal devel opmentd in
knowledge by scaffolding.

Whereas Piaget remmends meeting existence directly to allow learners form individual concepts
and sentences to be negotiated and accommodated socially.

16



Sociological Controversies

As a social institution, education can be seen from a structure or awiaetpoint, reflecting

societies with high or low degree of institutionalization. Being highly institutionalized, continental
Europa has developed a structbesed sociology seeing humans as bound by social structures.

Thus, Foucault sees knowledge asalbcrconstructed discourses; and describes a school as a
O6prispitalé mixing the power techniqgques of a
classrooms and diagnosed as ignorant to be cured by discourses institutionalized as truth but instead
exe ting O0pastoral powerdé6. Whereas their escape
grounded theory, lifting Piagetian accommodation to a social level.

Mathematical Controversies

In ancient Greece, the Pythagoreans used mathematics, meaning knowl@degk, as a common

label for their four knowledge areas: arithmetic, geometry, music and astronomy, seen by the
Greeks as knowledge about Many by itself, in space, in time, and in space and time. With

astronomy and music gone, today mathematics shommudcommon label for geometry and algebra,
both rooted in the physical fact Many through

and O60to reunited in Arabic. And in Europe, Ge
primary school andrithmetic and geometry in the lower secondary school until about fifty years

ago when theaGieasldl dmanyd in Many was replace
the invention of t hemacadnmncsedptd eSdatniconrgefactoendc egp tsm
abstractions instead of as abstractions from examples. But, by looking at the set of sets not

belonging to itself, Russell showed thatsele f er ence | eads to the c¢cl| as.

A

sentence is falsed, bdntmeget¥ of betsamot helongingrtar e and t
themselves, M belongs only if it does not.

So today two mathematics discourses exist. One discourse is the institutionalized presenting
mathematics as a body of sedfferring knowledge that shows its usefulness thnatggmany

applications; but of course, to be applied, first it must be learned, even if this may be hard as shown
by poor PISA results.

The other is a silenced discourse seeing mathematics as a natural science about Many expressing
itself in numbe#anguae sentences with a subject and a verb and a predicate as in the word
language. And showing the silenced differences:

Numbers could be icons & predicates in Tales of Many, T = 2 3s = 2*3. Instead they are changed
from predicates to subjects by silencing tieal subject, the total; and placaues hide the bundle
structure.

Operations could be icons for the counting process as predicted bydhentformula T =
(T/B)*B, oO6from T, T/ B times, B c aaturdbaadthira k en a
role in counting; and they are presented in the opposite order.

Addition could wait to after counting & recounting & dowaeunting have produced undnd per
numbers. Instead it silences counting and+texddition; and silences bundling; and usasy
instead of overloads; and assumes numbers dsatsed.

Fractions could be perumbers coming from doubl®unting in the same unit and added with units
by areas (integration) since they are, not numbers, but operators needing numbers to become
numkers. Instead they are defined as rational numbers that can be added without units.

Equations could be reounting from tens to icons and reversingtop and nexto addition.
Instead they are defined as equivalence relations in a set of nuarbhes to beeutralized by
inverse elements using abstract algebra.

Proportionality could be reounting in another unit when adding-twp; or doublecounting
producing peinumbers and fractions. Instead it is defined as multiplicative thinking.
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Trigonometry coulde mutual recounting of the sides in a block halved by its diagonal. Instead it is
postponed till after geometry and coordinate geometry, thus splitting up geometry and algebra.

Functionscould benumbéranguageds sentences @a&Verb& mul as,
predicate. Instead they are-selations where firscomponent identity implies secomgmponent
identity.

Calculus could occur in primary as négtaddition; and in middle & high as adding piecewise &
locally-constant penumbers. Insteadfterential calculus precedes integral calculus, presented as
antidifferentiation.
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06. A STEM-based Mathematics without Addition - Short

Its manyapplications make mathematics useful. But of course, it must be learned before it can be
applied. And since it is hard, there is no alternative to hard work.

Observing the guantitative competence children bring to school, we discover as an alterriagive to t
present sebased mathenaticsa Mamb a s e d -ntanba ncys 6 .

with the number of sticks they represent, digits become icons. As do operations where division,
multiplication and subtraction allow a total of seven to be bucdisted as T = 2B1 3s, i.e. @s
numberlanguage sentence with a subject, a verb and a predicate as in tHanwguage. These
two-dimensional blocknumbers are ready to beceunted in the same unit to remove or create
overloads or underloads to ease operations; or in a new uldg pabportionality; or to and from
tens rooting tables and solving equations.

Here doublecounting in two units creates peumbers, becoming fractions with like units; both
being, not numbers, but operators needing numbers to become numbers.

Countinghvol ves division and multiplication, pred
occurring in all the STEM subjects science, technology, engineering and math, e.g. meter =
(meter/sec)*sec = speed*sec.

So recounting and STEM tasks should precede addition.
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07. A STEM-based Mathematics without Addition - Long

Its many applications make mathematics useful. But of course, it must be learned before it can be
applied. And since it is hard, there is no alternative to hard work? Well, observing the quantitative
competence children bring to school, we discover as an alternative to the predssdestinathe
maticsaMamb as e d -mbamancys 6. To answer the question 0Ol
recount totals in the same or in a different unit, as well asitbfeom tens; also, we doubt®unt

in two different units to create pe@umbers, becoming fractions with like units. To predict a

recounting result, we use a recount formula occurring all over the STEM subjects.

Meeting many

Meeting many, nweiaskobBHbO®OmMao answer, we ¢
2,a3yea0 |l d will say o6That is not 4, that is 2
that may or may not be recounted as ones.

This i nspc¢aowrt iomag datdta m calwmdies. Thus, atotdlof 5 1sis
recountedin2saé= 2 2s & 1; and -+ws i ¢ E=s2810 i 2bse,d obry 066dbeucnid
wr i t T=2d &8s, where a decimal point separates the inside bundles from the unbundled singles
outsidethe bundlecup.

Entering 05/26, we ask a calculator o6from 5 w
singles come by takiin2g* 2abwa yT h2e 2asn s w enrlB% 2sla, s kp rnegc
2.1 2s as indirectly predicted on thettom line.

5/2 2.some
512*2 1
We see that also operations are icons: a stack of 2 3s is iconized as 2*3, or 2x3 showing a lift used 2
times to stack the 3s; division shows the broom wiping away bundles, and subtraction shows the
trace leftwhen taking away a stack only once.

A calculator thus Te¢IB¥B a tdr o ecud C/BtlinesBadah ad ,r on
be taken awayo6. This recount formula occurs a
guantities agy = c*x; in trigonometry asineandcosineandtangent e.g.a = (a/c)*c = SinA*c in

coordinate geometry as line gradiems;, = (Dy/ D x)* Dx = ¢* Dx; and in calculus as the

derivatvedy = (dy/dx) *dx = yo*dx

Recounting in the same unit and in a different unit

Once counted, totals can be recounted in the same unit, or in a different unit. Recounting in the

same unit, changing a bundle to singles allows recounting a totBlLdIas B3 2s with an

out si de 6o vBelr |2c0sa dwdi ;t ho ra na schuStraotingl regative numhbens. [Thisa d 6 t
eases division: 336 = 33B6 = 28B56, so 336/7 = 4B8 = 48.

Recounting in a different unit means changing unit, also called proportionality or linearity. Asking
03 4s is how many b5s?06,B25sti cks show that 3 4s

Entering 03*4/ 56 we ask a calculator o0from 3
the singles come by takkngodawdhe2abswethu®, asp
be recounted in 5s a82 5s or 2.2 5s.

Recounting toand from tens

Asking 063 4s = ? tens6 is called t ibmdesandr@abl es
bundle shows that 3 4s is 1.2 tens. Using the recount formula is impossible since the calculator has
no tenbutton. Instead it is programmh¢o give the answer as 3*4 = 12, thus using a short form that
leaves out the unit and misplaces the decimal point one place to the right, strangely enough called a
onatural 6 number .
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Recounting from tens to icons xt¥y3balsikeasilyy 06035 =
solved by recounting 35 in 787 = 35 = (35/7)*7. S = 35/7, showing that equations are solved
by moving to opposite side with opposite calculation sign.

Double-counting creates proportionality as pgrumbers

Countingaquantity n 2 di fferent pmhwusbeald wrsi tes ggi 2&s pa&
To answer The6Rfuestkpd, 6we r e-ownbenit25Bkgi6h= 2s si |
(6/2)*2% = (6/2)*3kg = 9kg. Doubkeounting in the same unit creates fractiand percent: 2$/3%

= 2/3, and 2$/100%$ = 2/100 = 2%.

Mathematics in STEM subjects

STEM (Science, Technology, Engineering and Mathematics) combines basic knowledge about how
humans interact with nature to survive and prosper: Mathematics provides fornealizsiqg
natureds physical and chemical behavior, and
procedures, techne, and to engineer artificial hands and muscles and brains, i.e. tools, motors and
computers, that combined to robots will help transfogmature into human necessities.

Nature consists of things in motion, combined in the momentum = mass*velocity. Things contain
mass and molecules and electric charge. Thus, nature is counted in meter and second and kilogram
and mole and coulomb.

Looking at the list of formulas we see that nature is predictable by recountinggupseyers. Thus,
it is possible to solve STEM problems without learning addition, that is notdeffied since
blocks can be added both-top using proportionality to make theits the same, and netd by
areas as integral calculus (Tarp, 2017).

kilogram = (kilogram/cubianeter) * cubiemeter = density * cubimeter
meter = (meter/second) * second = velocity * second

D momentum =D momentum/second) * second = force * seconds

D energy= D energy/meter) * meter = force * meter = work

energy = (energy/kg/degree) * kg * degree = heat * kg * degree
force = (force/squareeter) * squaraneter = pressure * squaneeter
gram =(gram/mole) * mole = molar mass * mole

mole = (mole/litre) * litre = molarity * litre
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08. Cure Math Dislike with 1 Cup & 5 Sticks: New Meanings to Numbers, Counting,
Operations & Fractions - Short

With a cup for the ®&wudlted,d 5 nst2isclas &rBel @lsu n
Moving bundles outside or inside crealses Oo0ove
This eases operations:@3 = 33B6 /7 = 28B56 /7 = 4B8 = 48.

With bundlecounting, numbers are 2D blockimbers with units, instead of 1D limeimbers.

Counting 5 in 2s, division takes away 2s, multiplication stacks the bundles, and subtraction takes
away the stack to find unbuled singles.

Operations are icons, as are digits, containing as many sticks as they represent.

A calculator -powrti cfter malt&d aT 6x e( T/ B) *B6 sayi |
take B away from T6é; and occurring all over m

Re-countng in a new unit means changing units, called proportionality.
Re-counting from icons to tens, multiplication predicts the result directly.
Re-counting from tens to icons is called an equation.

Double-counting in different units creatpernumbers as 4$/5kg, becoming fractions with like
units.

Once counted, totals add-twp or nexito, rooting proportionality and integral calculus.
Reversing oftop or nextto addition roots solving equations and differential calculus.
Thus,calculus also appears as néxtaddition of blocknumbers and as adding fractions with units.

09. Curing Math Dislike with 1 Cup & 5 Sticks: New Meanings to Numbers, Counting,
Operations & Fractions - Long

Division seems hard, but not with 1cup & 5sticksing a cup for the bundles, a total T of 5 sticks

is 6Bundl eCounteddbé in 2s as T = 5 = | I I I I
point to separate the bundles from the singles. A total thus has an inside number of bundles and an
outsde number of singles.

Bundlecounting 7 in 3s thus leads to a 2dimensinal LEIE® blocknumbers T = 2B1 3s,
different from the 1dimensional lineumbers taught in school; and containing three digits: the size,
the inside bundles and the outside singles.

|l ncluding bundles in the counting sequedce, w
1BO, 1B1.

To ease operations, we-ceunt in the same unit by moving a bundle outside or inside the bouglle

to create an oOover | 9la2d$1)3@2s = 3 2snTHigalsd appliesdvhen T = 5

countingintens: T =42 = 4B2 = 3B12 =&B

Adding: T=35+ 47 =3B5 + 4B7 =7B12 = 8B2 = 82
Subtracting: T=7% 47 = 7B5i 4B7 = 3B2 =2B8 =28
Multiplying: T =7 x 48 =7 x 4B8 = 28B56 = 33B6 = 336.
Dividing: T = 336/7 = 33B6 /7 = 28B56 /7 = 4B8 = 48.

Sticks or a folding ruler show digits as icons with as many sticks as they represent if written les
sloppy.Operations are icons also: To count 7 in 3s we take away 3 many times iconized by a broom
wiping away the 3s. Showing 7/3 = 2.some, a calculator predicts that 2 times we can take 3 away
from 7. To stack the 2 3s we use multiplication iconizing a lift, 2x3 or 2*3. To look for unbundled
singles, we drag away the stack of 2 3s iconized by a horlzcata: 71 2*3 = 1.
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A calculator thuscoeurtdifcarsmulea@| T s=blyT/aB)Y RO

ti mes we can take B away fr omltdcéursaloger e. g. T =
mathematics: as y = c*x; as a = (a/c)*c =A8ig; as lie gradients, deltg = (deltay/deltax)* delta-
x=c*deltax; and as derivatives, dy = (dy/dx)*dx =

Re-counting in a new unit means changing units, called proportionality. Again-tiwng formula
predicts the result: with T = 4 5s =68; first (4*5)/6 = 3.some; then (4*5)(3*6) = 2. So: T =4 5s
= 3.2 6s.

Re-counting from icons to tens, multiplication predicts the result directly. Only, the calculator
leaves out the unit and misplaces the decimal point: Asking T = 3 7s = ? teguss\es is 3X7 =

21 i.e. 2.1 tens. Geometrically it makes sense that increasing the width of a block from 7 to ten
means decreasing its height from 3 to 2.1 to keep the total unchanged.

Re-counting from tens to icons is called an equation, e.g. T = 3Bs=3sing u for the unknown

number, we solve the equation bya@unting 35 in 7s: u*7 = 35 = (35/7)*7, so u = 35/7 = 5.
Geometrically it makes sense that decreasing the width of the block from ten to 7 means increasing
its height from 3 to 5 to keep thetal unchanged.

The 6move to opposite side with opposite sign
byu=82; u~r3 = 20 is solved by u = 3a20, and 3"
logarithm is introduced as a factfinder and a factocounter.

Double-counting in different units creates paumbers as 4$/5kg or 4/5 $/kg. With 20 kg, we
recount 20 in 5s: T = 20kg = (20/5)*5kg = (20/5)*4$ = 16$. With 60$, we recount 60 in 4s: T = 60%
= (60/4)*4%$ = (60/4)*5kg = 75kg.

Double-cownting in the same unit creates fractions and percentages as 4%$/5$ = 4/5, or 40$/100$ =
40/100 = 4%. Finding 40% of 20$ means finding 40$ per 100$ so-o@urd 20 in 100s: T = 20$

= (20/100)*100$ giving (20/100)*40% = 8%. Finding 3% per 4$ in percentea@unt 100 in 4s, that
many times we get 3%: T = 100$ = (100/4)*4$ giving (100/4)*3% = 75% per 100$, so ¥ = 75%.

We see that pemumbers and fractions are not numbers, but operators needing a number to become
a number.

Counting thus involves dividing amdultiplying and subtracting to predict that 7 = 2B1 3s = 2.1 3s.
Geometrically, placing the unbundled single rexthe block of 2 3s makes it 0.1 3s, whereas
counting it in 3s by placing it etop of the block makes it 1/3 3s, so 1/3 3s = 0.1 3s.

Once ounted, totals can be addedtop or nextto. To add ortop, two totals T1 =2 3sand T2 =4

5s must be reounted to have the same unit,e.g.as T1+T2=23s+455s=1.155+45s5=5.15s,
thus using proportionality. To add next the united totainust be recounted in 8s: T1 + T2 =2 3s

+ 4 5s = (2*3 + 4*5)/8 * 8 = 3.2 8s. Thus ndrtaddition geometrically means adding areas called
integral calculus.

Reversing oftop or nexito roots solving equations and differential calculus.

Adding 3kg at 4%/kg and 5kg at 6%/kg, the emitmbers 3 and 5 add directly but the-pambers 4
and 6 add by their areas 3*4 and 5*6, i.e. by integration. Likewise with adding fractions.

Thus, calculus appears at all school levels: at primary, at lameeat upper secondary and at
tertiary level.
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10. Good Math & Goofy Math, which is Truer? - Short

Looking at four statements we askhky are true always, sometimes or never: 2+3 = 5, 2*3 = 6,
1/2+2/3 = 3/5, 1/2+2/3 = 7/6.

Looking at concepts we ask which definition is correct: A function is an example epeodert
where firstcomponent identity implies secomdmponent identity; o function is e.g. y = 2+x but
noty = 2+3, i.e. a name for a calculation with an unspecified number.

Looking at textbooks we ask: should we write
subject and a verb and a predicate to show the simitzfrttye numbetanguage and the word
languageWe then discuss how to apply the definitions below to numbers, operations, equations,
functions, trigonometry, and calculus.

In good mathematics, concepts are defined betipras abstractions from examplesga
statements are always true inside and outside classréogmofy mathematics, concepts are
defined topdown as examples from abstractions; and statements are always true inside and
sometimes outside classroonifus, fractions are goofy mathematicgréated as numbers without
units; but good mathematics if treated asmamnbers, i.e. as operators, needing a number to
become a number.

11. Good Math & Goofy Math, which is Truer? - Long

To make true statements about the outside world, we must distingetween good and goofy
mathematics being true always and sometimes.

Good and Goofy Statements

Asking if they are true always, sometimes or never, we look at four statements: 2*3 =6, and 2+3 =
5, and 1/2+2/3 = 3/5, and 1/2+2/3 = 7/6.

Saying ©8*8tatbag that 2 3s can be recounted
56 is true I f the wunit is the same; but may b
days. So to be always true, addition must include the units as efiechbli the Mars Orbiter that

crashed because of adding cm and inches. Multiplying, the units need not be the same as
exemplified by physics where e.g. 2 Newton*3 meter = 6 Newrteter = 6 Joule.

Adding 1 red of 2 apples and 2 reds of 3 apples givess3afesl apples and not 7 reds of 6 apples

as taught in school; and true only if taken of the same total. So, depending on the units, 1/2+2/3 can
take on many different values. Where goofy fractions neglect units, good fractions accept being
operators needgnnumbers to become numbers, thus added by area as integration.

Good and Goofy Concepts

Looking at concepts we ask which definition is correct: A function is an example epeoderct
where firstcomponent identity implies secomdmponent identity; ol function is e.g. y = 2+x but
noty = 2+3, i.e. a name for a calculation with an unspecified number.

To answer, we look at the history of mathematics. In ancient Greece the Pythagoreans chose the
word mathematics, meaning knowledge in Greek, as a comabehfbr their four knowledge

areas. With astronomy and music as independent knowledge areas, today mathematics is a common
label for the two remaining activities, geometry and algebra both rooted in the physical fact Many
through their original meaning§,t o measure earthod in Greek and

Then the invention of the sebncept transformed matima t i ¢ s -nmaot i6cnsedt awi t h 0 we
d e f i n edetringscentepts defined tapwn as examples from abstractions instead of bettom

up asabstractions from examples. However, by looking at the set of sets not belonging to itself,
Russell showed thatsalfe f er ence | eads to the classical [
false if true and true if false; and to goofy mathematics.
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Good and Goofy Textbooks

Looking at textbooks we ask: should we write
subject and a verb and a predicate to show the similarity of the nuamuokthe wordanguage.

The wordlanguage assigns wordstton i ngs t hrough sentences, O0Thi
in total ?206 weamnuglradgedadet odmuamsbeirgn numbers to | i ki
l egs on three chairs is 3 foursdéd, abbreviated
Both languages hawemetalanguage, a grammar, describing the language, describing the world.
Thus, the sentence O0fsking einxea 66h xi6r & sl aadertbad
0T = 3*406 Iseeandse ntcoe a0 O6medt a s an <dapgeagaspdaaks abdbut A n d

the language, the language should be taught and learned before thengetge. Which is the
case with the wordnguage, but not with the numHanguage.

With the total we include both what exist and what essence we claim,ardaoce with the
existentialist philosophy saying that existence should precede essence. Thus, the fingers on the left
hand exist, but how they are counted canvary: T=51s=22s&1=13s &2 =2 3sless 1.

Good and Goofy Math

Good numbers are twdimensional blocknumbers carrying units as seen when writing out fully a
total T of 345 as T = 3*B*B + 4*B + 5*1, also showing the four ways to unite numbers:
multiplication, power and etop and nexto block addition, also called integration. Including the
unit when counting by bundling, a natural number as T = 2B3 4s has 3 digitsraisiber 4, a
bundlenumber 2 and a singleumber 3, which add in different ways.

Goofy numbers are ordimensional linenumbers silencing the unit and misplacing the decima
point by writing 23 instead of 2.3 tens.

Good addition asks for the units before addingamor nexito. And waits until bundkeounting

and recounting and doubleounting has introduced division and multiplication and subtraction as
well asunhefoédrealad T = (T/B)*B, saying that
e.g. 8 = (8/2)*2 = 4*2 = 4 2s. Goofy addition add digit without considering the units.

Good division sees 8/2 as 8 split in 2s where goofy division sees it as 8 splitin 2.

Good multiplication sees 3*4 as 3 4s that may or may not-seuated in tens. Goofy
multiplication sees 3*4 as 1.2 tens.

Good fractions are perumbers coming from doubl®unting in the same unit. Goofy fractions
neglect units.

Good functions names a flifence between examples. Goofy functions state a banality: of course,
measuring produces on number only.

Good equations are reversed calculations solved by moving to opposite side with opposite sign.
Goofy equations use neutralizing performing identigedrations to both sidebut silencing the
group definition of abstract algebra applied.

Good trigonometry occurs before plane and coordinate geometry as mutaahtag of the sides
in a block halved by its diagonal. Goofy trigonometry occurs after.

Good calculus occurs in primary school as rexaddition of blocknumbers, and in middle and
high school as adding piecewise and locally constanrhperbers. Goofy calculus is postponed to
the end of high school and lets differential calculus precedgraitealculus.
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12. A Core STEM Curriculum for Young Migrants - Short

Seeing mathematics and education both as social institutions we can ask: is poor PISA performance
and widespread learner dislike caused by a Baumanian goal displacement making a monopolized
means, mathematics, the goal even if not leading to the origoagltg master Many with number
language sentences about how totals are counted, united and changed.

To master Many, the Foucauldian truth regime of 1D-tioenbers should give way to what
children bring to school, 2D bloakumbers as 2 3s or 4 5s that wiealded ofiop and nexto root
core mathematics as proportionality to make the units like, and calculus to integrate the areas.

Block-numbers include decimals and negative numbers when recounting a total of 5 in 2s in three
ways, overload and standard amdtlerload: T =5 =1.3 2s = 2.1 2s =132s.

With addition postponed, division and multiplication and subtraction will allow counting, re
counting and doubteounting totals in STEM multiplication formulas.

In the next number of the Philosophy of MathéssEducation Journal, my article will show the
full potential of a STEM based O60recount befor
become pre&STEM teachers or engineers in half a year starting from scratch.

13. A Core STEM Curriculum for Young Migrants - Long

Observing childrendéds quantitative comgedvédence
mathematiccaMamb as ed -ntamancys 6. To answer the question
and recount totals in the same or in dfelient unit, as well as to and from tens; also, we doeuble

count in two different units to create peumbers, becoming fractions with like units. Results are
predicted by a recount formula occurring all over the STEM subjects.

Meeting many

Meetingmanywe ask OHow many in total?6 To answer,
2,a3yea0 |l d will say o6That is not 4, that is 2 2s
formi ng anunibebrbdl otchkat may or menumbes.t be recour

Using -0bundli e dd5lsasretoortted in 2s s 2 2s & 1; and is described by
Obumdlidg T=2B16 ,2s, o-wr 0 dE=02d Bsawhere a decimal point separates the
inside bundles from the unbundled singles outside the buugle

Entering 65/ 26, we ask a calculator o6from 5 w
singles come by taking away 2 2s,thusiasi T@5 26 . The answerBl2sls, pr ec
2.1 2s.

Operations thus are icons also: a stack of 2 3s is iconized as 2*3, or 2x3 showing a lift used 2 times
to stack the 3s; division shows the broom wiping away bundles, and subtraction shivessetleft
when taking away a stack only once.

To changes units (called proportiTa(@/B)Bjtdy), a
predi ct TiTHBénesBsf rcam be taken awayodé. |t occurs
when relatng proportional quantities §s= c*x; in trigonometry asineandcosineandtangent

e.g.a = (a/c)*c = sinA*¢ in coordinate geometry as line gradiemy,= (Dy/ Dx)* Dx = c* DX;

and in calculus as the derivatiey = (dy/ dx) *dx = yo*dx

Recounthg in the same unit and in a different unit

Once counted, totals can be recounted in the same unit, or in a different unit. Recounting in the

same unit, changing a bundle to singles allows recounting a totBLdI2as B3 2s with an

out si de drasvBelr |2sadwdi;t h an outside o6underl oadd t
eases division: 336 = 33B6 = 28B56, so 336/7 = 4B8 = 48; as well as multiplication, subtraction

and addition.
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Recounting to and from tens

Asking 063 4s = Tablds®beldarned by heazt.lUking the redountfaamula is
impossible since the calculator has nolbeitton. Instead it is programmed to give the answer as

3*4 = 12, thus using a short form that leaves out the unit and misplaces the decimal pointene plac
to the right. Multiplication thus is a special form of division.

Recounting from tens to icons X/n=3akikeasiyy 635 =
solved by recounting 35 in 7s'7 = 35 = (35/7)*7. S = 35/7, showing that equations are solved
by moving to opposite side with opposite calculation sign.

Double-counting creates proportionality as perumbers

Counting a quantity i n 2 -nduinfbfeerrée nats peh.ygs.p.c2a$l pue
To answer ThebRFuestkpdh, 6we r e-ouwonbenis25Bkgi6d= 2s si |
(6/2)*2% = (6/2)*3kg = 9kg. Doubkeounting in the same unit creates fractions and percent: 2$/3%

= 2/3, and 2%$/100% = 2/100 = 2%.

Mathematics in STEM subjest

STEM (Science, Technology, Engineering and Mathematics) allow humans interact with nature to
survive and prosper: Mat hematics provides for
knowledge, logos, allows humans to invent procedures, techne, argirteerrartificial hands and
muscles and brains, i.e. tools, motors and computers, that combined to robots will help transforming
nature into human necessiti®ature consists of things in motion, combined in the momentum =
mass*velocity. Things contain restand molecules and electric charge. Thus, nature is counted in
meter and second and kilogram and mole and coulbodking at the list of formulas we see that

nature is predictable by recounting & permbers. Thus, it is possible to solve STEM problems

without learning addition, that is not welefined since blocks can be added bothamusing
proportionality to make the units the same, and-t@xty areas as integral calculus (Tarp,&01

kilogram = (kilogram/cubianeter) * cubiemeter = density tubicmeter
meter = (meter/second) * second = velocity * second

D momentum =D momentum/second) * second = force * seconds

D energy= D energy/meter) * meter = force * meter = work

energy = (energy/kg/degree) * kg * degree = heat * kg * degre
force = (force/squareeter) * squaraneter = pressure * squaneeter
gram = (gram/mole) * mole = molar mass * mole

Social theory looking at math education

Il n social theory, Bauman (1990) warnssuigahi nst
of the organization, however useless it may have become in the light of its original end, becomes
the purpose in its own right (p. 84).206

Foucault (1995) talks about O6truth regi mesbo:
di scourses is formed and becomes entangled wi

Letds accept mastery of Many as the real educ
line-numbers with 2D blockhumbers. This will allow all youngigrants develop a STEMased
guantitative competence benefitting both themselves and the society.

References

Bauman, Z. (1990)Thinking sociologicallyOxford, UK: Blackwell.

Foucault, M. (1995)Discipline & punishNew York: Vintage Books.

Tarp, A. (2@8). Mastering Many by Counting, Recounting and Dowlolenting before Adding
On-top and Nexto. Journal of Mathematics Education, March 2018, Vol. 11, No. 1, pp. 103
117.http://www.educationforatoz.net/images/Allan_TadE-2018 1.pdf

26



14. Fifty Years of Ineffective Math Education Research, Why? Oops, Wrong
Numbers, Sorry

Many countries face poor PISA results. Does its nature make mathematics so hard to learn despite
50 years of research? We need to read again the two founding fathers.

Freudenthal seesetbased university mathematics as so important to the outside world that it must
be taught in schools. Skemp sees a true understanding of mathematics as based upon sets comparec
as to cardinality by, not counting them, but by establishing a correspmbetween them.

Sociology points to a different explanation: maybe mathematics education has a goal displacement
where it sees itself as the goal, and its outside root, Many, as a means.

So we may ask: as an alternative to thebssed tradition, is #re is a different way to the outside
goal of mathematics education, mastery of Many?

By observing the quantitative competences children bring to school, and by using difference

research searching for differences making a difference, we discoa#earative to the present set
based mathematics that was i ntrodumaetdi csodnes &di
mathematics as a natural science about Many.

Here digits are icons with as many sticks as they represent. Also operations avéhieanbundle
counting produces twdimensional blockiumbers, ready to be-mounted in the same unit to

remove or create overloads or underloads to make operations easier; or in a new unit, later called
proportionality; or to and from tens rooting muligation tables and solving equations.

Here doublecounting in two units creates peumbers, becoming fractions with like units; both
being, not numbers, but operators needing numbers to become numbers.

Addition here occurs etop and nexto rooting poportionality, and integral calculus by adding
areas; and here trigonometry precedes plane and coordinate geometry.

So, we need to research what happens ifdimeensional blocknumbers replace ordimensional
line-numbers; if the order of operations &versed; if bundlecounting, recounting and doubte
counting precedes adding ndgtand ortop; and, if using full sentences about the total in the
numberlanguage, as T = 2.1 3s with a subject, a verb and a predicate as in tHangoiahe.
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15. Rethinking Line-Number Arithmetic as Block-Number Algebra

OEarly Al gebrad recommends further research i
included, this poster addresses area 2 and 4, curricula activity and theorizing numbers and
operations. Using Differenesesearch, searclgrfor differences making a difference, the poster

asks: Will a different blockhumber algebra allow rethinking traditional inember arithmetic?

As sceptical thinking from the French and American Enlightenment republics, Foucault Concept
Archaeology andExistentialism and Grounded Theory is used to look at the roots of Algebra.

In Arabic, Algebra means to reunite. Numbers as T = 345 = 3*B"2+4*B+5*1 show the four ways to
unite a total: addition, multiplication, power and integration of juxtaposed blobky. dlso show

that asking 6How many in total @0guabhedassmween
containing, as does a wekahguage sentence, a subject and a verb and a predicate, thus rooting a
formula with an equation sign.

Using grounded theomye observe that, before receiving formal education, preschool children use
2dimensional Bundi@umbers or Blockhumbers as T = 2 5s & 1. Reunting a total into a new

unit by asking T = 3 4s = ? 5s, children quickly accept division as an icon for a imiporg away
5-bundles, and multiplication as an icon for stacking the bundles into a block, and subtraction for
the trace left when dragging away the block to look for unbundled leftover singles.

Likewise, children find it natural to formulate the recoumtg pr ocess as O0fr om
by the bundle B gives the number of #Hiomeaul BRD
T = (T/B)*B. This formula allows using a calculator to predict the result of@umting process:
Recounting7i8s, we enter 7/ 3. The answer 062.somebd |
the stack of -2x3s5 1 es hmonwsvetr h-€umed as®Ri3c&li on: 7

The recounformula T = (T/B)*B leads directly to the heart of Algebra bipwaing children to use
formulas as a natural way to communicate in math education. The commutative, associative and
distributive laws follow directly from watching-2nd 3dimensinal blocks.

And solving equations takes place wheftoenting from tens twons: asking T = 40 = ? 8s the
solution is found by reounting 40 in 8s as 40 = (40/8)*8 = 5*8 = 5 8s.
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16. A Count-before-Adding Curriculum for Preschool and Migrants

Children show a surprising mastery of Many with a quantitative competence where totals are re
counted in the same and in a different unit, as well as to and from tens. And children enjoy using a
calculator and a recount formula to predict reounting reslis. Thus, children bring to school
two-dimensional LEG@ike blocknumbers that are different from the edienensional line

numbers taught in school, seeing cardinality as linear. Allowed to keep theirrlockers,

children and migrants will be practisg proportionality and calculus when adding blemkmber

onrtop and nexto; and will be solving equations whenceunting from tens to blocks.

Keywords: preschool, add, equation, proportional, calculus.
Decreased PISA performance despite increased research

Research in mathematics education has grown since the first International Congress on Mathematics
Education in 1969. Yet, despite increased research and funding, decreasing Swedish PISA result
made OECD (2015) write tBwedepobértdedétmpbowmgnit

6in need of wurgent change (..) with more than
baseline Level 2 in mathematics at which students begin to demonstrate competencies to actively
participate in |ifed (p. 3

The ineffectiveness of mathematics education research may prove that, by its very nature,
mathematics is indeed hard to learn. On the other hand, since mathematics education is a social
institution, social theory may provide a different reason.

Social Theory Looking at Mathematics Education

Mills (1959) describes imagination as the core of sociology. Bauman (1990) agrees by saying that
sociological thinking o6renders flexible again
showsitasawérd whi ch could be different from what

Mat hematics education is an example of o6ratio
and the actors concentrate their thoughts and efforts on selecting such means to the emdeas pro

to be most effective and economical (p. 79)60.
However

The ideal model of action subjected to rationality as the supreme criterion contains an inherent
danger of another deviation from that purpetiee danger of scalledgoal displacement(..)
Thesurvival of the organization, however useless it may have become in the light of its original
end, becomes the purpose in its own right (p. 84).

Saying that the goal of mathematics education is to learn mathematics is one such goal
displacement, made maagless by its selfeference. So, inspired by sociology we can ask the
6Cinderella questionb6: 6éas an alternative to
goal of mat hematics educati on, mastery of Man

How well-defined is mathematics?

In ancient Greece, the Pythagoreans used mathematics, meaning knowledge in Greek, as a common
label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself,da,spdime, and in time and
space. Together they form the o6quadriviumd re
with oO6triviumé consisting of grammar, | ogic a

With astronomy and music as independent knowledge areas, today mathematics should be a
common label for the two remaining activities, geometry and algebra, both rooted in the physical
fact Many through their origimal Om@amiengstedt
Algebra thus contains the four ways to unite as shown when writing out fully the total T = 342 =
3*B"2 + 4*B + 2*1 = 3 bundles of bundles and 4 bundles and 2 unbundled singles = 3 blocks. Here
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we see that we unite by using-top addition, multiplication, power and netd addition, called
integration, each with a reverse splitting operation.

So, as a label, mathematics has no existence itself, only its content has, algebra and geometry; and
in Europe, Germanic countries taugbtinting and reckoning in primary school and arithmetic and

geometry in the | ower secondary schonoat iucnstd |
rooted in Many was replaced by the ONew Mat he
Here the invention of the concept Set createdtédoSes e d-mametca 6 as a -col | ec

provend stat edneefnitrse b oudn devettd i nddwe meman-towdelf |
reference, i.e. defining concepts tdpwn as examples of abstractions instead of bettpras

abstractions fronexamples. And by looking at the set of sets not belonging to itself, Russell

showed thatself ef er ence | eads to the classical i ar
true and true if false: M =1 Ab Al AiithenMi MU MI M.

The ZermeloFraenlel Settheory avoids selfeference by not distinguishing between sets and
elements, thus becoming meaningless by not separating concrete examples from abstract concepts.

I n this way, Set transf or medr gfrorumnidragl i GGradbthae ma

mixture of metamat i ¢ s amat i6smad@ hter ue i nside but sel dom
adding numbers without u-examptes as 8week®+ 3daysds 17d8ys;5 6
in contrast to 62*3 = @&6oudetdastollsng t hat 2 3s ca

Difference Research Looking at Mathematics Education

Inspired by the ancient Greek sophists that wanting to avoid being patronized by choices presented
as nature (Russ<€lelseateh®d) | sodiefafr e makimggee f or hi d
difference (Tarp, 2017). So, to avoid a goal displacement in mathematics education, d{ference
research asks the grounded theory question: How will mathematics look like if grounded in its
outside root, the physical fact Many?

To answer, we wiluse Grounded Theory (Glaser & Strauss, 1967), lifting Piagetian knowledge
acquisition (Piaget, 1970) from a personal to a social level, to allow Many to open itself for us and
create its own categories and properties. In short, we will search for am@eto the ruling

tradition by returning to the original Greek meaning of mathematics as knowledge about Many by
itself and in time and space.

Meeting many

We live in space and in time. To include both when counting Many, we use two different ways of
counting. Counting in space, we count blocks and report the result with Hi#6®s or on a ten
by-t en abacusmodedge@Gmebhtiyng in time, we count

tenby-t en abacuswsoideddal gebr a

Table 1: 5 recounted as 2 2s & 1 on an abacus in geometng in algebramode

Thus, to master Many, weount by bundling and stacking. But first we rearrange sticks into icons
with e.g. five sticksinthefie con 5 i f written | ess sloppy. Coc
need an icon when used as the busitte.

lfo - g - r—— e = =
I R N s Qe s P S

1 2 3 4 5 6 7 8 9
Table 2: Sticks rearranged as icons with as many sticks as they represent
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Holding 4 fingerst get her 2 by 2, a 3year old will say
how Many presents itself, as a number of bundles that may or may nettented as four ones.

This inspcowerst Omgd db en dbundiegg Thas, atabTtoB5I1s i$ bundledc o n

in 2s asl = 2 2s and 1 where the bundles are placed inside a bomglieith a stick for each

bundl e, |l eaving the unbundiwe d t duBIH,i, deer; -G@delc idm:
wr i t T=n2d @s, where a decimal point separates the inside bundles from the unbundled singles
outside the bundieup.

T=5=1 | | H#I | @IWY B122s= 2.12s
Entering 65/ 26 we ask a calcul at®o?06 6The marbs we
62.somed. To find the | eft oiv2e*r2sdé .weF rtoank et haew aayn s

concludethat5=B1 2 s . Li kewi3d®2 =shbavi nag ddiS5spl ay indir
be recounted as 2 2s and 1, or &l2s.

5/2 2.some
512*2 1
Table 3: A calculator predicts that 5 recounts in 2s as 2.1 2s

We see that also operations are icons: a stack of 2 3s is iconized as 2*3, or 2x3 showing a lift used 2
times to stack the 3s; division shows the brawiping away 2s several times, and subtraction
shows the trace left when taking away the stack once.

A calcul at orcotumdt s fTog( BB @ dsHoa yei n gT, T/BiiemdsBs@dn beo m
t ak en a wacgudt.formilh ecsurs alleover mathatits: when relating proportional
guantities ay = c*x; in trigonometry as sine and cosine and tangentae=ga/c)*c = SinA*c in
coordinate geometry as line gradied®s,= (Dy/Dx)* x = ¢*LX; and in calculus as the derivative,
dy = (dy/ dx)*dx = yoé*dx

Recounting in the same unit and in a different unit

Once counted, totals can beasunted in the same unit, or in a different unit-deenting in the
same unit, changing a bundle to singlksveés re.counting a total of 5 asBB 2s with an outside
oover |l oaBddé;2somwiadh AAn outside oOunderl oadd thus

T=5=1 | | HIIlY B32s, T=5=1 | | HHHY B-3B2sY
To recount in a different unit means changing unit, also called proportionality or linearity. Asking
63 4s is how many 5s?06, sticks show that 3 4s
T=34s= HWH HH HH Y 4 HH 11Y B25x.
A calculatorcanpredigt he resul t . Entering 63*4/ 5086 we ask
ti mes?6 The answer is 62.someb6. To fin*db&.he |
Receiving the answer 0§ 2-@oumedinbsmsSs andkas Bh5s.t 3 4
3*41/5 2.some
3*4712*5 2

Table 4: A calculator predicts that 3 4sceunts in 5s as 2.2 5s
Double-counting creates proportionality as pegrumbers

Counting a quantity in 2 -nduinfbfeerrée nats peh. ygs.i c2a$l pue
To answer the quest i-oumbedtéEomtb6hRygEF=w@R)*2se t he
(6/2)*3kg = 9kg. And vi ce eviellkga (12/3%3kl§+ (b2B)*2$? $ =
= 8%. Doublecounting in the same unit creates fractions and percentages: 2$/3% = 2/3, and 2$/100$
=2/100 = 2%.
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Recounting to and from tens

Asking 63 4s = ? tens6 is call é&kbktotdébundlesandra bl e s
bundle shows that 3 4s is 1.2 tens. Using theotent formula is impossible since the calculator has

no tenrbutton. Instead it is programmed to give the answer as 3*4 = 12, i.e. in a short form that
leaves out the unit and mispéxcthe decimal point one place to the right, strangely enough called a
6natural &6 number .

Recounting from tens to icons bdy=2a3slikisieasty 638 =
solved by recounting 38 in 7sx*7 = 38 = (38/7)*7. Sx = 38/7 = 5& 3/7 as predicted by a
calculator showing that 38 = 5.3 7s = 5*7 + 3.

38/7 5.some
381 5*7 3
Table 5: A calculator predicts that 38-meunts in 7s as 5.3 7s

Once counted, totals can be added-tmp or nextto

Asking 63 5s and 2 3s t ot a-op,theuwits mashbg thdsamedso w e
the 2 3s must be 1eounted in 5s asBll 5s that added to the 3 5s gives a totalBif 8s.

U JHH HHE & WY B B B JH 1Y B14Bs.

For a calculator prediction, we use a bracket
answer is 4.some. Taking away 4 5s leaves 1. Thus, wéfjéist

3*5+2*3)/5 4.some

(3*5+2*3)i4*5 1

Table 6: A calculatopredicts that the sum of 3 5s and 2 3soeints in 5s as 4.1 5s

Since 3*5is an area, addingnéxo means adding areas, called ir
tot al how many 8s?06 weB58se sticks to get the
HHE & WY B M T Y B58=258s

For a calculator prediction, we include the two totals in a bracket before counting in 8s: Asking
6(3*5 + 2*3)/ 86, the answer is 2.sB®e. Taking

(3*5+2*3)/8 2.some
(4*5+2*3)1 2*8 5
Table 7: A calculator predicts that the sum of 3 5s and 2-8®uvats in 8s as 2.5 8s

Reversing adding ottop and nexito

Reversed addition is called backward calculation or solemgtions. Reversing netd addition is

called reversed integration or di fB6e8sBb6] atsb
sticks will give the answerkl 3s:
TR TITIRTITTRy TR TR WWHE B 111 Y Be s
For a calculator prediction, the remaining is bracketed before being counted in 3s.
(2*8+61 3*5)/3 2
(2*8+61 3*5)12*3 1

Table 8: A calculator predicts that 2.6 8s comes from-texiddition of 2.1 3s to 3 5s

Adding or integrating two stacks neixt each other means multiplying before adding. Reversing
integration then means subtracting before dividing, as shown in tteigréormula

y 0 Dyt = (y2i yl)lt
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Designing a count-before-adding curriculum

To study the effect of reounting, aneighp a r t -beforeaudndi ngé curri cul um
where bundlecounting involves division, multiplication, subtraction beforextto and ortop

addition to respect that totals must be counted before being added; in contrast to school that turns
this order around and insists numbers be counted in tens only to be addedaly, using

carrying instead of overloads.

In the first micracurriculum, the learner uses sticks and a folding ruler to build the neiodres

up to nine; and uses strokes to draw the icons thus realizing there are as many sticks or strokes in
the icon as it represents if written less sloppy. In the set¢badearner counts a given total in icons

by bundling sticks and using a cup for the bundles; and reports, first with buntitey and
decimalwriting with a unit; then by using an abacus in geomeind algebranode; always using

a calculator to pradt the counting result. In the third, the learnecoaints a total in the same unit

thus creating or removing overloads and underloads.

In the fourth micrecurriculum, the learner feounts a total in a different unit. In the fifth, the learner
adds twdblock-numbers ortop of each other. In the sixth, the learner adds two bhockbers next

to each other. In the seventh, the learner reverségpoaddition. And in the eighth, the learner
reverses nexto addition. Finally, the learner sees how dotddanting creates perumbers.

Examples Calculator prediction

M2 | 7 1sis how many 3s? 713 2.some
I 1 | HHIY 2B1 3Fs 71 2*3 1
S071s=B13s=2.13s

M3 |62.7 5s is also how|(2*5+7)5 3.some
VVIIIII=VVVI=VVYV HH (2*5+7)1 3*5 2
2B7 = 2+1B7i5=3B2 = 3+1B2i5 = B-3 (2*5+7)1 4*5 -3
S0 2.7 5s =3.2 55 =-8.5s

M4 12 5s i s how many 4s725/4 2.some
VV=HH HH=H HH I 2*51 2*4 2
S0255=2214s

M5 62 5s and 4 3s tot all (2*5+4*3)/5 4.some
VVH #H #H H=VVVVII (2*5+4*3) 1 4*5 2
S0255+43s=4.25s

M6 |62 5s and 4 3s tot all(2*5+4*3)/8 2.some
V'V OB = HHHH B 1 (2*5+4*3) 1 2*8 6
S0255+43s=2.68s

M7 |62 5s and ? 3s tot al (4571 2*5)/3 3.some
VVVV=VVH#HH #f # I (4*571 2*5) 1 3*3 1
S025s5+3.13s=45s

M8 |62 5 s3 santdo t?al 2.1 8s|(2*8+11 2*5)/3 2.some
FHHEE HEHEE T = HHE HE HEE B (2*8+11 2*5) 1 2*3 1
S025s+2.13s=2.18s

Tabl e 9 :befdkead@ado mmtd cur r i c udurdcma s hown as

To be tested in special educationsad d i t i onal 61 ewrrrulugh was addédi ¢ k s 6
Here using a cup for the bundles allows 5 sticks to be bwadieted in 2s asBB or B1 or B-1

to show that a total can be counted in three ways, overload and normal and underload, with an
inside and an outside number for the bundles and the singles. So, to divide 336 by 7, 5 bundles
move outside as 50 singles tea@unt 336 with an overload: 336 =E3= 2856, which divided

by 7 gives 88 or 48.

When tested, one curriculum used silentcadion where the teacher demonstrates and guides by
actions only, not using words; and in one curriculum the teacher spoke a foreign language not
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understood by the learners. In both cases the abacus and the calculator quickly took over the
communication. br further details watch the video www.youtube.com/watch?v=IE5nk2YEQIA.

After the micrecurricula a learner went back to her grade 6 class where proportionality created
learning problems. The learner suggested renaming it to doablging but the teachersisted on
following the textbook. However, observing that the class took over the doolniding method,

the teacher gave in and allowed proportionality to be renamed and treated ascdaunbley.

When asked what she had learned besides daobletng both learners and the teacher were
amazed when hearing about néxtddition as integral calculus.

Thus bundlecounting together with a calculator for predictinecrinting results allowed the learner
to reach the outside goal, mastering Many, blpWihg an alternative to the institutionalized means
that because of a goal displacement had become a stumbling block to her; and performing and
reversing nexto addition introduced her to and prepared her for later calculus classes.

Literature on bundle-counting and block-numbers

No research literature on bundaieunting and blockhumbers was found. Nor is it mentioned by
Dienes (1964).

Conclusion and recommendations

To avoid a goal displacement in mathematics education, this paper searcheifféoesat dvay to

the goal of mathematics education, mastery of Many. Differeemearch and Grounded Theory
showed how mathematics looks like if grounded in its physical root, Many. To tell the difference,

t wo names wer-matiodc 1@ dvreadtsnasnmyd nmeitnait n ¢ s@me tdae f i ni
concepts as examples of abstractions -masi md
valid only inside classrooms. To validate its findings, the paper includes a classroom test of a

0 C o -beforea d d icurrguwum described in detail to allow it to be tested in other classrooms
also. To improve mathematics education, the curriculum can be used in early childhood and in
special education to give a physical understanding of how numbers come from counting b
bundling and stacking before using the short way of writing numbers counted in tens without
decimal points and units.

Likewise, it can be used for young migrants wanting to help rebuild their country as-&BEMers

or STEMengineers (Science, Technojpdngineering, Math). A six months STEMised many

matics curriculum has been designed allowing migrants use the first month to learn to reunite
constant and variable unand pemumbers by addition and multiplication and integration and

power, and byheir reverse operations subtraction, division, differentiation and root/logarithm. The
next five months then consist of modelling situations in science, technology, and engineering (Tarp,
2017). Finally, as an alternative to linembers, blockhumbers opes up a completely new

research paradigm (Kuhn, 1962).
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17. Difference-research Saving Dropout Ryan with a TI-82 Calculator

At principal asked for ideas to lower the number of dropouts ircpteulus classes. The author
proposed using a cheap-8R, but the teachersrejectedsay;dqg udent s wer enodt evVe

T-30. Still the principal allowed buying one f
repl aced t he t e x andogbtkand sile Were punanithdigi as Y1 and M2 and
equations were solvdlly O0s&l2ve YbHB. Experiencing meaning a

learners put up a speed that allowed including the core of calculus and nine projects.
Keywords: precalculus, calculus, calculator, model, dropout.

The Task
The headmaster askeceth mat hemat i ¢cs t e ac h eacalsulus diopovets. What e t o
can we do?0 | pr op-8%gmphindgcalguiatargoutth @herddaahersrejettéd

this proposal arguing that st-30dStiln wes allowedte ndt e
buy this calculator for my class allowing me to replace the textbook with a compendium
emphasizing modeling with 182.

How Well-Defined is Mathematics After All?

In ancient Greece, the Pythagoreans used mathematics, meaning knowl@degkiras a common

label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself, in space, in time, and in time and
space. Toget her t heymmermdediy Rlatoasa@enera curicuhm togetber r e
with o6triviumé consisting of grammar, |l ogic a

With astronomy and music as independent knowledge areas, today mathematics should be a
common label for the two remaining activiijegeometry and algebra, both rooted in the physical
fact Many through their original meanings, Ot

So, as a label, mathematics has no existence itself, only its content has, algebra and geometry; and
in Europe, Germanic countries taught counting and reckoning in primary school and arithmetic and
geometry in the | ower secondary schonodt iucnstd |
rooted in Many was replaced bystotbdveecHdéinedly Mat he
being derived from the sebncept. This despite that Russell, by looking at the set of sets not

belonging to itself, showed thatselfe f er ence | eads to the cl assi c:
fal sed, beingeiffase:se i f true and t

If M=1AbAl AlithenMi MU MI M.

Thus,theset oncept turned mat hemantaitcs mdpsiadeni ko wm et
maticso6 defining its concept-matsn®e exaempl est hbé
but not in the | aboratory, as e.g. O6the fract
even if the students protest that when counting cokes, 1/2 of 2 bottles and 2/3 of 3 bottles gives 3/5
of 5 as cokes and nevércokes of 6 bottles.

Despite being neither wetlefined nor welproved, mathematics still teaches metatism, thus
creating huge problems to mathematics education.

Difference Research

Ancient Greece saw a controversy on democracy between two difétiundes to knowledge

represented by the sophists and the philosophers. The sophists emphasized telling choice from
nature to prevent hidden patronization by choices presented as nature. To the philosophers,
patronization was a natural order since allpbal is examples of mefahysical forms only visible

to the phil osophers educated at Pl atods acade
patronizing rulers (Russell, 1945).
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| nspired by the anci ernets eGrrecehkd gilosdsidEaresceh i ondg fffc
making a difference (Tarp, 2017). So, it asks the grounded theory question: How will mathematics
look like if grounded in its outside root, the physical fact Many? To answer, we will use Grounded
Theory (Glaser & Strauss, 1967), ligriPiagetian knowledge acquisition (Piaget, 1970) from a

personal to a social level, to allow Many to open itself for us and create its own categories and
properties. In short, we will search for an alternative to the ruling tradition by returning to the

original Greek meaning of mathematics as knowledge about Many by itself and in time and space.

The Case of Teaching Math Dropouts

Being our language about quantities, mathematics is a core part of education in both primary and
secondary school. Students getly accept the importance of learning mathematics, but many fail to
see the meaning of doing so. Consequently, special core courses for math dropouts are developed.

Traditions of Core Precalculus Courses for Dropouts

A typical core course for math drogs is halving the content and doubling the text volume. So, in

a slow pace the students work their way through a textbook once more presenting mathematics as a
subject about numbers, operations, equations and functions applied to space, time, massyand mon
To prevent spending time on basic arithmetic, 80 talculator is handed out, typically without
instruction.

As to numbers, the tradition focuses on fractions and how to add fractions.

Then solving equations is introduced using the traditional balgmeethod, isolating the unknown
by performing identical operations to both sides of the equation. Typically, the unknown occurs in
fractions as 5 = 48/ or on both sides of the equation ag 2*3 = 4* 1 5

Then relations between variables are introdugging tables, graphs and functions with special
emphasize on the linear functigre f(x) = a*x + b.

In a traditional curriculum, a linear function is followed by the quadratic function. But a core course
might instead go on to the exponential and pdwectionsy = b*a”xandy = b*x"a. To avoid
solving its equations, the solutions are given as formulas.

Problems in Traditional Core Courses

A traditional core course wants to give a second chance to learners having dropped out of the
traditional math cowwe. However, from a sceptical viewpoint trying to avoid presenting choice as
nature, several questions can be raised.

As to numbers, are fractions numbers or calculations that can be expressed with as many decimals
as we want, typical asking for three sigrant figures? Is it meaningful to add fractions without
units as shown by the fractiggaradox above?

As to equations, is the balancing method nature or choice presented as nature? The& awdiiber

3 is defined as the number that added to 3 gives& = 8. This can be restated as saying that the
equatiorx + 3 = 8 has the solution= 871 3; suggesting that the natural way to solve equations is

the O6move to opposite side with opposite sign
calculation, defining a root as a facforder, and a logarithm as a factoounter.

x+3=15 x*3 =15 x"3 =125 3™ =243
x=15T 3 x=15/3 x=33125 X =1n243/In3
Table 1: the basic equations solved by t

As to relations between variables, is the function nature or choice presented as nature? A basic
calculation as 3 + 5 = 8 contains three numbers. If one of these is unknown we have an equation to
be solved, e.g. 3 x= 5, if not already solved, 3 + 5%With two unknown we have a formula as
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in 3 +x=y, or arelation as ir + y = 3 that can be changed into the formpka37 x. So, the
natural relation between two unknown variables seems to be a formula.

As to solving exponential equations, is presensolution formulas nature or choice presented as
nature? Solving basic equations is just another way of defining inverse operations, so it is a natural
thing to define a root and a logarithm as solutions to the basic equations involving power.

Desiging a Grounded Core Course

So, a traditional core course seems to be filled with examples of choices presented as nature. This
leads to the question: is it possible to design a different core course based upon nature instead of
choices presented as nature®dtimer words, what would be the content of a core course in pre
calculus grounded in the root of mathematics, the natural fact Many?

Mathematics as a Numbeanguage

As to the nature of the subject itself, mathematics is a nulabguage that together withe word
language allows users to describe quantities and qualities in everyday life. Thus, a calculator is a
typewriter using numbers instead of letters. A typewriter combines letters to words and sentences. A
calculator combines figures to numbers tt@hbined with operations becomes formulas. Thus,
formulas are the sentences of the nuriaeguage.

The Number Formula shows the four Ways to Unite

The four Algebra ways to unite is seen when writing out fully the Totab42 = 5B"2 + 4*B +

2*1, i.e. as three blocks: 5 bundles of bundles and 4 bundles and 2 unbundled singles. Here we see
that we unite by using etop addition, multiplication, power and next addition, called

integration, each with a reverse splitting operation: subtmactlivision, root and logarithm and
differentiation.

Furthermore, we see that the numfmmula, has as special cases the formulas for constant linear,
exponential, elastic, and accelerated change:

T =b*x+c, T = a*n”x, T = a*x*nandT = a*x"2 + b*x + c.

Formulas Predict

One difference between the wemhd the numbelanguage is that sentences describe whereas
formulas predict the four different ways of uniting numbers:

Addition predicts the result of uniting unlike tmitimbers: uniting 2$ and 3$ gives a total that is
predicted by the formul@ = atb=2+3 =5

Multiplication predicts the result of uniting like umumbers: uniting 2% 5 times gives a total that is
predided by the formuld = a*b = 5*2 = 10.

Power predicts the result of uniting like parmbers: uniting 2% 5 times gives a total that is
predicted by the formula T#+= a”"b= 1.02"5, i.eT = 0.104 = 10.4%.

Integration predicts the result of uniting unlikerpeimbers: uniting 2kg at 7$/kg and 3kg at 8%/kg
gives 5 kg af$/5kg wherel = 7*2 + 8*3 is the area under the pgrmber graph] = U p * d x

Solving Equations with Solver

Thus, inverse operations solve equations; as do #32 Tking a solver. An equati@s 2 +x =6

always has a lethand sideand arigltand si de t hat can belistasiYl er ed
andY2 So, any equation has the foifth = Y2 or Y11 Y2= 0 that only has to be entered to the

solver once. After that, solving equatsojust means entering its two sidesrdsandY2 Using
graphs,YlandYZ2have the intersection points as solutions to the equ#tion Y2

If one of the numbers in a calculation is unknown, then so is the result. A formula with two
unknownscanbedesbre d by a t abl e a nxsswherthemwhatig?hde Qruaepshtii e
a table allows the inverse question to be addressed by reading frgraxise
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Producing Formulas with Regression

Once a formula is known, it produces answers by being solvgchphed. Real world data often

come as tables, so to model real world problems we need to be able to set up formulas from tables.
Simple formulas describe levels as e.g. cost = price*volume. Calculus formulas describe change
and precalculus describesoastant change.

If a variable y begins with the value b and changes by a number a x times; the a*x. This is
called linear change and occurs in everyday trade and in inferestaving.

If a variable y begins with the value b and changes by a percentage r x times,dhg.+r)"x
since adding 5% means multiplying with 105% = 1 + 5%. This is cakpdnential change and
occurs when saving money in a bank and when populations grow or decay.

Combining linear and exponential change by deposé#igtimes to an interest ratéo, we get a
savingA$ predicted by the formuld/a = R/rwhere the total imtrest ratdR is predicted by the
formulal+R = (1+r)"n.

The proof: from an account witllr$ the interest is moved to another account together with its
interest, thus containing/r*R as a savind\, whichgivesA/a = R/r.

Thus, instalments can be studesia race between a débgrowing with an interest ratéo, T =
D*(1+r)"n, and a saviné growing from fixed deposits and interest ra#&s; a/r*R. From this, the
debt to be found be the formu(1+r)*n = a/rR.

In the case of linear and exponentiadiggower change, a twine table allows us to find the two
constant$ anda using regression on a-BR.

Multi-line tables can be modelled with polynomials. Thus, a thnegtable might be modelled with
a quadratic formulg = b + a*x + ¢*x”2 includingalso a bendingiumberc; and a fowline table
by a cubic formuly = b + a*x + ¢c*x"2 + d*x"3 including also a countdrendingnumberd, etc.

Graphically, a secondegree polynomial is a bending ling, a parabola; and & itiégree
polynomial is a doublparabola. The top and the bottom of a bending curve as well as its zeros can
be found directly by graphing methods on a8PI

Fractions as Pemumbers

Fractions are rooted in paumbers: 3$ per 5 kg = 3%/5kg = 3/5 $/kg. To addmanbers they first
mug be changed to unit numbers by being multiplied with their units: 3 kg at 4 $/kg + 5 kg at 6
$/kg = 8 kg at (3*4 + 5*6)/8 $/kg

Geometrically this means that the areas under its graph addipdrersHere again T82 comes

in handy whertalculating areas under graphs; also in the case where the graph is not horizontal but
a bending line, representing the case when th@eber is changing continuously as e.g. in a

falling body: 3 seconds at 4 m/s increasing to 6 m/s totals 15 m ims$keot a constant

acceleration.

Models as Quantitative Literature

With the ability to use FB2 as a quantitative typewriter able to set up formulas from tables and to
answer both xand yquestions, it becomes possible to include models as quantitédnzgure.

All models share the same structure: A +walld problem is translated into a mathematical
problem that is solved and translated back into aweald solution.

Problem Solution

Mathematics Y

=<

Real world
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Table 2: The fousteps in modelling realord situations

The project 6Population versus food6é | ooks at
linear and food in an exponential way, hunger will eventually occur.

The model assumes that the world population itieng changes from 1590 in 1900 to 5300 in
1990 and that food measured in million daily rations changes from 1800 to 4500 in the same period.

From this tweline table regression can produce two formulas: with x counting years after 1850, the
population isnodeled byy1= 815*1.013% and the food by2= 300 + 30%. This model predicts
hunger to occur 123 years after 1850, i.e. from 1973.

T Tag - mET. na36aE4s
ine | E30 | SED hound=1 -1 99, 1.
------------ % mleft—rt=0

Lz(z) = N vzomy 711

Table 3: Two twdine table regressions allow graphical and algebraic solutions

The project O6Fundraisingdé finds the revenue o
accept a free ticket, that 100 students will buy a 20$ ticket and that walbbey a 40$ ticket.

From this thredine table the demand can be modeled by the quadratic foNdwa375*%"21
27.5* + 500. Thus, the revenue formula is the product of the price and the der2ama;Y 1
Graphing methods shows that the maximurneresxe will be 2688 $ at a ticket price of 12$.

L1 L Lx c
a0 | a0 | oo
S00aa | 100,010
Y, aa %
I'I-:|:-:|r-'|u \
Lzthy = n=le e e '=eaBB.07E o

Table 4: A thredine table regression offers a parabola to be studied graphically

Il n the project o6Driving with Peterd his veloc
guestions: When is Petecaelerating? And what distance did Peter travel in a given time interval?

From a fiveline table the speed can be modeled by the 4th degree polynahsiaD.009*%"4 +
0.53*"3-10.875%"2 + 91.25% - 235. Visually, the triple parabola fits the data peitGraphing
methods shows that a minimum speed is attained after 14.2 seconds; and that Peter traveled 115
meters from the 10th to the 15th second.

-] ] Fhl‘ul‘l‘lM l M‘
i L - . ) b B Py ey, e - o - JECxddx=11Y4.688

Table 5: A fiveline table regression offers a triplgarabola to be studied graphically

Six other projects were included in the course.
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The project O6Forecastsd6 modeled a capital gro
exponential and potential. The project oO0Dete
distancetoan naccessi bl e point on the other side of
trigonometry to predict the dimensions of a simple expansion bridge over a canyon.

The project O6Playing Golfd asks to pssthee ct th
given points: a starting point, an ending poi
Pensiond asks about the size of a ten years m
payment of 1000$ at an interest rate of 0.4% per momthdA t he pr oject O6The Ta
how much company A has spent buying stocks in company B given a course described by a four

line table.

Testing the Core Course

The students expressed surprise and content with the course. Theiin hasddelivered o time.

And they course finished before time allowing the inclusion of additional models from classical
physics: vertical falling balls, projectile orbits, colliding balls, circular motion, pendulums, gravity
points, drying wasted whisky with ice cubesdaupplying bulbs with energy.

At the written and the oral exam, for the first time at the school, all the students passed. Some
student wanted to move on to a calculus class, other were reluctant arguing that they had already
learned the core of calculus.

Reporting Back to the Headmaster

The headmaster expressed satisfaction, but th
mathematics to be set aside. To encourage the teachers, the headmaster ordeB&itthbeT|
bought to allpre-calculus classes.

Conclusion: Make Losers Users

Using differenceresearch, this action research project showed that dropout students get an extra
chance by boiling mathematics down to its core grounded in its roots, the natural fact Many. Here
numbersare polynomials showing the operations that allows totals to be united from or split into
constant or variable usiorpern umber s according to Al gebrads r
core of algebra is solvingnégmathodsowi whthhe
graphing calculator. And the core of gralculus is using regression to translate tables to formulas

that can be processed both geometrically and algebraically when entered intlisthef the TH82.

Thus, grounding ntaematics in its root Many will allow all students to use a graphing calculator to
predict the behavior of realorld quantities, thus reconquering the numlaaguage taken from

them by metamatism.
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18. Conflicting Theories Help Teachers Improve Mathematics Education

Traditionally, education is seen as teachers transferring institutionalized knowledge to individual
learners. As such, education involves several choices. Shall teachers teach or guide? Is
mathematics an eternal truth or a social cowastion? Is it knowledge about, or knowing how to?

How to motivate learning? Should a class be optional or mandatory? To answer, teacher education
refers to theory from philosophy, psychology and sociology. Including the existence of conflicting
theorieswill allow teachers try out alternatives if wanting to improve mathematics education.

Keywords: teacher education, mathematics, philosophy, psychology, sociology.
Philosophical Controversies

Ancient Greece saw two f or mssophibts, knowingharire fyoen, cC a
choice would prevent patronization by choice presented as nature. To the philosophers, choice was
an illusion since the physical is examples of metaphysical forms only visible to the philosophers
educated at Plato's AcadenThe Christian Church eagerly took over a metaphysical patronage and
changed the academies into monasteries, until the Reformation changed some back again.

By letting the laboratory precede the library, natural science reinvented scepticism. Newton
discoveed that falling objects obey their own will instead of that of a patronizor. This inspired the
Enlightenment Century and it two republics, the American and the French, transforming scepticism
into pragmatism and pastructuralism, based upon existensain def i ned by Sartre
preceding essence6; and with the Heidegger wa
the predicate since it might be gossip. Thus,-ptsicturalism deconstructs ungrounded diagnoses
forcing humans to aept unfounded patronization.

Psychological Controversies

As to how learners acquire knowledge, several constructivist theories exist among which are
Vygotskian and Piagetian social and radical constructivism disagreeing by recommending teaching
as much ands little as possible.

Vygotsky sees knowledge as true sentences to be transferred by good teaching. However, a learner
can only take in unknown sentences about subjects already known, so the teacher must know the

i ndividual 6ézone ofi proxdealtdesetoemehul |y c
knowledge by scaffolding.

Whereas Piaget recommends meeting the new subjects directly to allow learners form individual
concepts and sentences to be negotiated and accommodated socially.

Sociological Controversies

As a social institution, education can be seen from a structure or an actor viewpoint, reflecting
societies with high or low degree of institutionalization. Being highly institutionalized, continental
Europa has developed a structbesed sociology seeing humans as bound by social structures.

Thus, Foucault sees knowledge as socially constructed discourses; and describes a school as a
Oprispital é mixing the power techniques of a
classroms and diagnosed as ignorant to be cured by discourses institutionalized as truth but instead
exerting 6pastor al power 6. Whereas their esca
grounded theory, lifting Piagetian accommodation to a social level.

Mathematical Controversies

In ancient Greece, the Pythagoreans used mathematics, meaning knowledge in Greek, as a common
label for their four knowledge areas: arithmetic, geometry, music and astronomy, seen by the

Greeks as knowledge about Many by itselfspace, in time, and in space and time. Together they
form the oO6quadriviumd recommended by Pl ato as
consisting of grammar, logic and rhetoric. With astronomy and music gone, today mathematics
should be a comnmlabel for geometry and algebra, both rooted in the physical fact Many through
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their original meanings, Oto measure eartho i
Germanic countries taught counting and reckoning in primary school and arglameétgeometry

in the | ower secondary school unitmalt i &lsdu tr ofoit fe
Many was replaced by the &é6New Mat hemati cséb. H
Omemat i cs06 defi ni ng c oattorsnstead cdas abstractionpfloms of alt
examples. But, by looking at the set of sets not belonging to itself, Russell showed that self
reference |l eads to the classical l i ar par adox
false:If M = i A AT Aiithen M M U MI M.

So today two mathematics discourses exist. One is the institutionalizededife r r mmag | ccreedt a
presenting digits and fractions as numbers that can be added without units, and still producing poor
PISA results despite fity ear s of research. The other-is a n
matics6 presenting digits and fractions as op
number, and where adding numiiocks ontop and nexto leads directly to core mathematas

linearity and calculus. And where calculators predict the resultcbwating, preceding addition.
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19. Addition-free Core STEM Curriculum for Late Learners along the Silk Road

Its many applications make mathematics useful. But to solve core STEM tasks you need no addition,
thus calling for an additiofiree curriculum. Observing the mastery of Many children bring to

school we discover, as an alternative to the pmesetbased mathenatics,aMamb ased - 6 Many
matics6. To answer the question OHow many in
a different unit, as well as to and from tens; also, we deabimt in two different units to create
per-numbes, becoming fractions with like units. To predict a recounting result, we use a recount
formulabeing a coran all STEM subjects.

Introduction

Research in mathematics education has grown since the first International Congress on Mathematics
Educationm 1969. Likewise, funding has increased as seen e.g. by the creation of a Swedish centre
for Mathematics Education. Yet, despite increased research and funding, decreasing Swedish PISA
result caused OECD (2015a) to eden® deéaecmielpiom
school system as O60in need of wurgent changeo.

To find an unorthodox solution we pretend that a university in China arranges a curriculum
architect competition: O0Theorize the | ow succ
derive from this theory a STEMased core curriculum that can be used for late learners along the
coming newsilkroaddne Belt and One Road (OBOR). 0

Since mathematics education is a social institution, social theory may give a clue to the lacking
reseach success and how to improve schools in Sweden and elsewhere.

Social theory looking at mathematics education

Imagination as the core of sociology is described by Mills (1959). Bauman (1990) agrees by saying
t hat soci ol ogi cal daihtheworildrmitherté oppressive in gs apparenkfiitiy; | e
it shows it as a world which could be differe

Mat hemati cs education is an example of oOratio
and the actorsancentrate their thoughts and efforts on selecting such means to the end as promise
to be most effective and economical (p. 79)606.

The ideal model of action subjected to rationality as the supreme criterion contains an
inherent danger of another datvon from that purposethe danger of scalled goal
displacement. (..) The survival of the organization, however useless it may have become in
the light of its original end, becomes the purpose in its own right. (p. 84)

One such goal displacement iyisg that the goal of mathematics education is to learn
mathematics since, by its seéiference, such a goal statement is meaningless. So, if mathematics
i snét the goal of mathematics education, what

In ancient Greece, the Pythagoreans used mathematics, meaning knowledge in Greek, as a common
label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself, Mangde, gany in time and

Many in time and space. And together forming
gener al curriculum together with &é6triviumd co

With astronomy and music as independent knowledge areay, neathematics should be a

common label for the two remaining activities, geometry and algebra, both rooted in the physical
fact Many through their original meani ngs, Ot
And in Europe, Germanic countriggught counting and reckoning in primary school and arithmetic

and geometry in the lower secondary school until about 50 years ago when they all were replaced
by the ONew Mat hemati csod.

Here the invention of the concept SET created ebSets e d-matioke t as a col-l ecti o
provend stat edneefnitrse b ouudn devettd i nddwe meman-towdelf |
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reference, i.e. defining tegpown as examples of abstractions instead of bottpras abstractions

from examples. And by looking #te set of sets not belonging to itself, Russell showed that self
reference |l eads to the classical l i ar par adox
false:If M =i Ab Al AiithenMi MU MI M.

The ZermeloFraenkel Setheory avoids selfeference by not distinguishing between sets and
elements, thus becoming meaningless by not separating concrete examples from abstract concepts.

I n this way, SET changed selroafnarerdintaxp t Graedtad ac s

mixture of metamat i ¢ s amat i6smad& hter ue i nside but sel dom
adding numbers without uaxamplesasesy. 2leeks+ 3daysis$E7 5 6
days; in cont r athat2 35 @an aways Beceuntdd@s 6sls.at i ng

Difference research looking at mathematics education

Inspired by the ancient Greek sophists (Russell, 1945), wanting to avoid being patronized by
choices present ed essxe ar athwrigscambinyifof Haderl ddrnces
making a difference. So, to avoid a goal displacement in math education, diffezeaaech asks:
How will mathematics look like if grounded in its outside root, Many?

To answer we allow Many to open itself for ustisat, as curriculum architects, sociological
imagination may allow us to construct a core mathematics curriculum based upon exemplary
situations of Many in a STEM context, seen as having a positive effect on learners with a non
standard background (Hanadt 2014). So, we now return to the original Greek meaning of
mathematics as knowledge about Many by itself and in time and space; and use Grounded Theory
(Glaser & Strauss, 1967), lifting Piagetian knowledge acquisition (Piaget, 1969) from a personal to
asocial level, to allow Many create its own categories and properties.

Meeting Many cr-eebote@aslda n@do cmtrri cul um

Meeting Many, we ask OHow many in Total-?6 To
language sentences, T = 2 3s, comtga subject and a verb and a predicate as in alaogliage
sentencéTarp, 2018b)

Rearranging many 1s in 1 icon with as many strokes as it represents (four strokesaarthéwé
in the 5icon, etc.) creates icons to be used as units when cguntin

I Il [l 11 [ L [ AIELLT T
\ | l | | | | ' ‘ ' ' ' '

| I B - P = —
1 2 3 4 5 6 7 8 9
Holding 4 fingers together 2 by 2, a 3y@at d wi | | say O0Thatdescebinpgot 4,

what exists, a number of bundles that may or may not be recounted as ones.

This inspcoernst omgd,dl rre c chumdiedobegstackedta®buradteimbers i ¢ o |
or blocknumbers, which can be-mounted and doubleounted beforeding processed by eop
and nexito addition, direct or reversed.

Thus, atotal of 5 1sisrecountedin2sds 2 2s & 1; and wsi dE=xsgHi be
2Bl 2s, o-wr 0 dE=02d @sawhere a decimal point separates the inside bundles from
the unbundled singles outside the burzlle.

So, to count a total T we take away bundles B (thus rooting and iconizing division as a broom
wiping away the bundles) to be stacked (thusingoand iconizing multiplication as a lift stacking
the bundles into a block) to be moved away to look for unbundled singles (thus rooting and
iconizing subtraction as a trace left when dragging the block away).
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Entering 05/ 26, weveadlkkae a@avagul2atbar Thfer am shver
singles come by takiinZgx 2abwa yT e 2asn s v enrlB% 2sla, s kp rnegc
2.1 2s as indirectly predicted on the bottom line.

5/2 2.some
51T 2x2 1
A calculator thugpredicts the result by arecodintor mul a T = ( T/ B) *B sayi n

ti mes, B can be taken i@2®Rgiye6l, soTE2=2B13ses 2. s o me

This recounfformula occurs all over mathematics: when relating proportional quantitieg:=
c*x; in trigonometry as sine, cosine and tangant:(a/c)*c = sinA*c and b = (b/c)*c =cosA*c
and a = (a/b)*b =tanA*b; in coordinate geometry as line gradiemg:= Dy/Dx = c* Dx; and in
calculus as the derivativd,y = ( dy / d Xn)edodormics=theye@owtbrmula becomes a
price-formula: $ = ($/kg)*kg, $ = ($/day)*day, etc.

Placing the singles nextb or orntop of the stack counted as 3s, roots decimals and fractions to
describe the singles: T=7=2.13s=21/3 3s

T=5= 22s&1 = 2B12s = 2.12s = 21/2 2s
Recounting in the same unit and in a different unit

Once counted, totals can be recounted in the same unit, or in a differeRewoitinting in the

same unit, changing a bundle to singles allows recounting a totBLdI2as B3 2s with an

out si de O6o0vBelr [20sadnd;t horanasout si de dédunder |l oadd t
eases division: 336 = 33B6 = 28B56, so 3364B8 = 48.

Recounting in a different unit means changing unit, also called proportionality or linearity. Asking
63 4s is how many 5s?06,B25sti cks show that 3 4s

Entering 63*4/ 56 we ask a caloswetror 0Qf somed ,
that the singles come byi2a%kéngThevagn22wdrs, o
4s can be recounted in 5s &275s or 2.2 5s.

Recounting to and from tens

Asking 63 4s = ? t e nlgadined by heartaUsingesticksttoidendlessandra b | e s
bundle shows that 3 4s is 1.2 tens. Using the recount formula is impossible since the calculator has
no tenbutton. Instead it is programmed to give the answer as 3*4 = 12, thus using a short form that
leaves out the unit and misplaces the decimal point one place to the right, strangely enough called a
6natural 6 number.

Recounting from tens to icons xt¥y3balsikeasilyy 635 =
solved by recounting 35 in 7s'7 = 35 =(35/7)*7. Sox = 35/7, showing that equations are solved
by moving to opposite side with opposite calculation sign.

Double-counting creates proportionality as pegrumbers

Counting a gquantity i n 2 -nduinfbfeerrbée natSkgebr 2§63kgc2a$sl pue
To answer Theb6RFu=estkepd, 6we r e-ouwnbeanis 2$Bkgi6d= 2s si |
(6/2)*2% = (6/2)*3kg = 9kg. Doubkeounting in the same unit creates fractions and percent: 2$/3%

= 2/3, and 2$/100%$ = 2/100 = 2%.

A short curriculum in addition-free mathematics

01. To stress the importance of bundling, the
And 01, 02, 03, 04, 05, Ten less 43TT-2, T-1, Ten, Ten and 1, T and 2, etc.
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02. Ten fingers can be counted also a34,20 5s, 22 4s, 31 3s, 101 3s, 5 2s, and 1010 2s.

03. A Total of five fingers can be-munted in three ways (standard and with eaed underload):
T =2B15s = 1B3 55 = 3& 5s = 3 bundles less 1 5s.

04. Multiplication tables can be formulated asoeinting from icorbundles to tens and use
underload counting after 5: T = 4*7 = 4 7s = 4*(ten less 3) = 40 less 12 = 30 less 2 = 28.

05. Dividing by 7 can be formulated asaeunting from tens to 7s and use overload counting: T =
336 /7 = 33B6 /7 = 28B5/7 = 4B8 = 48

06. Solving proportional equations as 3*x = 12 can be formulatedasirging from tens to 3s:
3*x = 12 = (12/3)*3 giving x = 12/3 illustrat

07. Proportional tasks can be done bgaanting in the penumber: With 3$/4kg, 20kg =
(20/4)*4kg = (20/4)*3% = 15%; and 18% = (18/3)*3% = (18/3)*4kg = 24 kg

08. Fractions and percentages can be seen amipdrers coming from doublsounting in the
same unit, 2/3 = 2$/3$. So 2/3 of 60 = 2$/88@ = (60/3)*3$ giving (60/3)*2% = 40$

09. Trigonometry can precede plane and coordinate geometry to show how, in a box halved by its
diagonal, the sides can be mutuallycrainted as e.g. a = (a/c)*c = sinA*c.

10. Counting by stacking bundles into asjat blocks leads to the numkermula or bundle

formula called a polynomial: T = 456 = 4*BundleBundle + 5*Bundle + 6*single = 4*B"2 + 5*B +
6*1. In its general form, the numb&rmula T = a*x"2 + b*x + ¢ contains the different formulas for
constant chage: T = a*x (proportionality), T = a*x"2 (acceleration), T = a*x”c (elasticity) and T =
a*c”x (interest rate); as well as T = a*x+b (linearity).

11. Predictable change roots qmaculus (if constant) and calculus (if changing). Unpredictable
changerootst at i st-dcstdbonambets by a mean and a dev
pre-dict a confidence interval for numbers we else cannetijute

12. Integral can precede differential calculus and include adding both piecewise and locallyt consta
(continuous) penumbers. Adding 2kg at 3$/kg and 4kg at 5%/kg, thenunibbers 2 and 3 add

directly, but the penumbers must be multiplied into timtumbers. So both p@aumbers and

fractions are added with units as the area under theyseber grah.

Meeting Many in a STEM context

Having met Many by itself, we now meet Many in time and space in the present culture based upon
STEM, described by OECD (2015b) as follows: 0
disciplines (science, technology, @mgering and mathematics) is increasingly seen as a means to

A

boost innovation and economic growth. o

STEM thus combines basic knowledge about how humans interact with nature to survive and
prosper: Mat hemati cs pr o \physlicalandthemicallbéhaveor, gnd e d i ¢
this knowledge, logos, allows humans to invent procedures, techne, and to engineer artificial hands
and muscles and brains, i.e. tools, motors and computers, that combined to robots help transforming
nature into human wessities.

A falling ball i ntroduces natureds three main
three social actors, humans and will and obedience. As to matter, we observe three balls: the earth,
the ball, and molecules in the air. Matter sesitwo forces, an electnoagnetic force keeping

matter together when colliding, and gravity pumping motion in and out of matter when it moves in

the same or in the opposite direction of the force. In the end, the ball is lying still on the ground. Is
themotion gone? No, motion cannot disappear. Motion transfers through collisions, now present as
increased motion in molecules; meaning that the motion has lost its order and can no longer be put
to work. In technical terms: as to motion, its energy stagsteat, but its entropy increases. But, if

the disorder increases, how is ordered life possible? Because, in the daytime the sun pumyps in high
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quality, lowdisorder lightenergy; and in the nighttime the space sucks outjoality high
disorder heaenerg; if not, global warming would be the consequence.

So, a core STEM curriculum could be about cycling water. Heating transforms water from solid to
liquid to gas, i.e. from ice to water to steam; and cooling does the opposite. Heating an imaginary
box of geam makes some molecules leave, so the lighter box is pushed up by gravity until
becoming heavy water by cooling, now pulled down by gravity as rain in mountains and through
rivers to the sea. On its way down, a dam can transform falling water to égciricget to the

dam, we must build roads along the hillside.

In the sea, water contains salt. Meeting ice at the poles, water freezes but the salt stays in the water
making it so heavy it is pulled down by gravity, elsewhere pushing warm water updhtiag
cycles in the ocean pumping warm water to cold regions.

The two watercycles fueled by the sun and run by gravity leads on to other STEM areas: to the
trajectory of a ball pulled down by gravity; to an electrical circuit where electrons traesgogy
from a source to a consumer; to dissolving matter in water; and to building roads on hillsides.

Nature consists of things in motion, combined in the momentum = mass*velocity. Things contain
mass and molecules and electric charge. Thus, naturentedan meter and second and kilogram
and mole and coulom&TEM-subjects are swarming with pepumbers: kg/m”3 (density),
meter/second (velocity), Joule/second (power), Joule/kg (melting), Newton/m”2 (pressure), $/kg
(price), $/hour (wages), etc.

A list of core formulas shows that nature is predictable by recounting-&yrebers.:

kilogram = (kilogram/cubianeter) * cubiemeter = density * cubimeter
meter = (meter/second) * second = velocity * second

force = (force/squareneter) * squareneter = presser* squaremeter
gram = (gram/mole) * mole = molar mass * mole

mole = (mole/litre) * litre = molarity * litre

momentum =D momentum/second) * second = force * seconds

D energy= D energy/meter) * meter = force * meter = work

D energy = (energy/kg/degree) * kg * degree = heat * kg * degree

E I

Thus, it is possible to solve STEM problems without learning addition, that is netiefeled
since blocks can be added bothtop using proportionality to make the units the same, andtoext
by areas as integral calculus.

SCIENCE: counting and doublecounting time, space, matter, force and energy

Counting time, the unit is seconds. A bundle of 60 seconds is called a minute; a bundle of 60
minutes is called an hour, and a bundle of 24 hisucalled a day, of which a bundle of 7 is called a
week. A year contains 365 or 366 days, and a month from 28 to 31 days.

Counting space, the international unit is meter, of which a bundle of 1000 is called a kilometer; and
if split becomes a bundle 000 millimeters, 100 centimeters and 10 decimeters. Counting

squares, the unit is 1 squareter. Counting cubes, the unit is 1 cuivieter, that is a bundle of

1000 cubiedecimeters, also called liters, that split up as a bundle of 1000 milliliters.

Couning matter, the international unit is gram that splits up into a bundle of 1000 milligrams and
that unites in a bundle of 1000 to 1 kilogram, of which a bundle of 1000 is called 1 tons.

Counting force and energy, a force of 9.8 Newton will lift 1 kilogrtmat will release an energy of
9.8 Joule when falling 1 meter.

Cutting up a stick in unequal lengths allows the pieces to be doabtded in liters and in
kilograms giving a penumber around 0.7 kg/liter, also called the density.
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A walk can be doubleounted in meters and seconds giving amenber at e.g. 3 meter/second,
called the speed. When running, the speed might be around 10 meter/second. Since an hour is a
bundle of 60 bundles of 60 seconds this would be 60*60 meters per hour or 3.6 kilgreetersr,

or 3.6 km/h.

A pressure from a force applied to a surface can be daobieted in Newton and in square meters
giving a permumber Newton per squameeter, also called Pascal.

Motion can be doubleounted in Joules and seconds producing thepetber Joule/second called
Watt. To run properly, a bulb needs 60 Watt, a human needs 110 Watt, and a kettle needs 2000
Watt, or 2 kiloWatt. From the Sun the Earth receives 1370 Watqueire meter.

Warming and boiling water

In a water kettle, a doubleounting can take place between the time elapsed and the energy used to
warm the water to boiling, and to transform the water to steam.

Heating 1000 gram water 80 degrees in 167 secoral2@®0 Watt kettle, the pewumber will be
2000*167/80 Joule/degree, creating a doublemuenber 2000*167/80/ 1000 Joule/degree/gram or
4.18 Joule/degree/gram, called the specific heat of water.

Producing 100 gram steam in 113 seconds, thapeber is2000*113/100 Joule/gram or 2260
J/g, called the heat of evaporation for water.

Dissolving material in water

In the sea, salt is dissolved in water. The tradition describes the solution as the number of moles per
liter. A mole of salt weighs 59 gram, so oeating 100 gram salt in moles we get 100 gram =
(100/59)*59gram = (100/59)*1mole = 1.69 mole, that dissolved in 2.5 liter has a strength as 1.69
moles per 2.5 liters or 1.69/2.5 moles/liters, or 0.676 moles/liter.

An electrical circuit

To work properly, 2000Watt water kettle needs 2000Joules per second. The socket delivers
220Volts, a penumber doubleounting the number of Joules per changé.

Re-counting 2000 in 220 gives (2000/220)*220 = 9.1*220, so we need 9.1 elnaitgger second,
which is cdled the electrical current counted in Ampere.

To create this current, the kettle must have a resistance R according to a circuit law Volt =
Resistance*Ampere, i.e., 220 = R*9.1, or Resistance = 24.2Volt/Ampere called Ohm.

Since Watt = Joule per secondJoule per charganit)*(chargeunit per second) we also have a
second formula, Watt = Volt*Ampere.

Thus, with a 60Watt and a 120Watt bulb, the latter needs twice the current, and consequently half
the resistance of the former.

Supplied nexto each othefrom the same source, the combined resistance R must be decreased as
shown by reciprocal addition, 1/R = 1/R1 + 1/R2. But supplied after each other, the resistances add
directly, R = R1 + R2. Since the current is the same, the-dagumption is proportial to the
Volt-delivery, again proportional to the resistance. So, the 120Watt bulb only receives half of the
energy of the 60Watt bulb.

How high up and how far out

A ping-pong ball is setupwards. This allows a doubt®unting between the distance ahd time
to the top, 5 meters and 1 second. The gravity decreases the speed when going up and increases it
when going down, called the acceleration, ampénber counting the change in speed per second.

To find its initial speed we turn the gun 45 degraed count the number of vertical and horizontal
meters to the top as well as the number of seconds it takes, 2.5 meters and 5 meters and 0,71
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seconds. From a folding ruler we see, that now the speed is split into a vertical and a horizontal part,
both redweing it with the same factor sin45 = cos45 = 0,707.

The vertical speed decreases to zero, but the horizontal speed stays constant. So we can find the
initial speed by the formula: Horizontal distance to the top = horizontal speed * time, or with
numbers: 5 (u*0,707)*0,71, solved as u = 9.92 meter/seconds by moving to the opposite side with
opposite calculation sign, or by a sohagp.

The vertical distance is halved, but the vertical speed changes from 9.92 to 9.92*0.707 = 7.01 only.
However, the speedjsared is halved from 9.92*9.92 = 98.4 to 7.01*7.01 = 49.2.

So horizontally, there is a proportionality between the distance and the speed. Whereas vertically,
there is a proportionality between the distance and the speed squared, so that doublitigahe ver
speed will increase the distance four times.

TECHNOLOGY: letting steam work

A water molecule contains two Hydrogen and one Oxygen atom weighing 2*1+16 units. A

collection of a million billion billion molecules is called a mole; a mole of water wei§hgram.

Since the density of water is roughly 1000 gram/liter, the volume of 1000 moles is 18 liters.
Transformed into steam, its volume increases to more than 22.4*1000 liters, or an increase factor of
22,400 liters per 18 liters = 1244 times. The vatushould increase accordingly. But, if kept

constant, instead the inside pressure will increase.

Inside a cylinder, the ideal gas law, p*V = n*R*T, combines the pressure, p, and the volume, V,
with the number of moles, n, and the absolute temperatuvehidh adds 273 degrees to the

Celsius temperature. R is a constant depending on the units used. The formula expresses different
proportionalities: The pressure is direct proportional with the number of moles and the absolute
temperature so that doublingeomeans doubling the other also; and inverse proportional with the
volume, so that doubling one means halving the other.

So, with a piston at the top of a cylinder with water, evaporation will make the piston move up, and
vice versa down if steam is condensed back into water. This is used in steam engines. In the first
generation, water in a cylinder was heated and coolédrby

In the next generation, a closed cylinder had two holes on each side of an interior moving piston
thus decreasing and increasing the pressure by letting steam in and out of the two holes. The leaving
steam the is visible on steam locomotives.

In the third generation used in power plants, two cylinders, a hot and a cold, connect with two tubes
allowing water to circulate inside the cylinders. In the hot cylinder, heating increases the pressure
by increasing both the temperature and the number aisteoles; and vice versa in the cold

cylinder where cooling decreases the pressure by decreasing both the temperature and the number
of steam moles condensed to water, pumped back to the hot cylinder in one of the tubes. In the
other tube, the pressureféifence makes blowing steam rotate a mill that rotates a magnet over a
wire, which makes electrons move and carry electrical power to industries and homes.

ENGINEERING: how many turns on a steep hill

On a 30degree hillside, a t@egree road isonstructed. How many turns will there be on a 1 km
by 1 km hillside?

We let A and B label the ground corners of the hillside. C labels the point where a road from A
meets the edge for the first time, and D is vertically below C on ground level. We izt tive
distance BC = u.

In the triangle BCD, the angle B is 30 degrees, and BD = u*cos(30). With Pythagoras we get u"2 =
CD"2 + BD"2 = CD”"2 + u"2*c0os(30)"2, or CD"2 = u"2¢ts(30)"2) = ur2*sin(30)"2.
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In the triangle ACD, the angle A is 10 degrees, ABd= AC*cos(10). With Pythagoras we get
AC”2 = CD"2 + AD"2 = CD"2 + AC"2*cos(10)"2, or CD"2 = AC"2¢bs(10)"2) =
AC"2*sin(10)"2.

In the triangle ACB, AB = 1 and BC = u, so with Pythagoras we get AC"2 = 172 + u"2, or AC =
a(l1+un2).

Consequently, ur2*sin(302 = AC"2*sin(10)"2, or u = AC*sin(10)/sin(30) = AC*r, or u =
a(l+u”2)*r, or u”2-r2)=r2orwumzy 2/(&2)20.136,givingthe * ( 1
di stance BC = u = &a0.137 = 0.37.

Thus, there will be 2 turns: 370 meter and 740 meter up lik&lai
MATHEMATICS: the simplicity of counting before adding nexb and ontop

Meeting Many, we ask O6How many in total 2?6 To
division, multiplication and subtraction as icons for bundling, stacking and registacks to

predict unitnumbers as blocks of stacked bundles; but also, to recount to change unit, and to
doublecount to get penumbers bridging the units, both rooting proportionality.

Once counted and recounted and dowlolented, totals can be azttinexito or ontop, rooting

integral calculus and proportionality; and that, if reversed, roots differential calculus and solving
equations. Adding thus means uniting emitmbers and parumbers, but both can be constant or
changing, so to predict, weeed four uniting operations: addition and multiplication unite changing
and constant unrithtumbers; and integration and power unite changing and constamimpeers. As

well as four splitting operations: subtraction and division split into changing astacomnit

numbers; and differentiation and root/logarithm split into changing and constamtpeers. This
resonates with the Arabic meaning of algebra, to reunite. And it appears in Arabic numbers written
out fully as T = 456 = 4 bundlexf-bundles & Sbundles & 6 unbundled, showing all four uniting
operations, addition and multiplication and power and-tesiddition of stacks; and showing that

the wordlanguage and the numbknguage share the same sentence form with a subject and a verb
and a prediate or object. Finally, shapes can split into Hghglled triangles, where the sides can be
mutually recounted in three paumbers, sine and cosine and tangent.

So, by its simplicity, mathematics is easy and quick to learn if education wants to do so.
Adding addition to the curriculum

Once counted, totals can be added {texds areas, thus rooting integral calculus; etamafter
being recounted in the same unit, thus rooting proportionality. And bothtoexihd ortop
addition can be reversed, thusting differential calculus and equations:

2 3s + ? 4s = 5 7s gives differentiation as: ? = {5273)/4 =DT/4

Traveling in a coordinate system, distances add directly when parallel; and by their squares when
perpendicular. Reounting the ychangem the xchange creates change formulas, algebraically
predicting geometrical intersection points, t
never aparto principle.

Uniting constant and changing unihumbers and penumbers

The numbeiformula also shows the four ways to unite numbers offered by algebra meaning
6reunitingé in Arabic: additi on anmbemsyaddt i pl i c
integration and power unite changing and constanhpetbers. And since any operation ¢en

reversed: subtraction and division split a total into changing and constanuurtiers; and

differentiation and root & logarithm split a total in changing and constamuyrabers:
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Uniting/splitting into Changing Constant
Unit-numbers T=a+n T=a*n

m, s, kg, $ Tia=n TIn=a
Pernumbers T = U a T=a’n

m/s, $/kg, $/100% = % dT/dn=a l oga(T) = 1

Conclusion and recommendation

This paper argues that the low success of 50 years of mathematics education research may be
caused by a goal displacement seeing mathematics as the goal instead of as an inside means to the
outside goal, mastery of Many in time and space. The two views offer different kinds of

mathematics: a sétasedtopd o wn -hmé i a s 6 t hmefeencebigindeet tsard sodehch

and learn; and a botteop Manyb a s e d -nbaMaincys 6 si mply saying 6To
and recounting and doubt®unting produces constant or changing-maitnbers or penumbers,

uniting by adding or multiplyingorpowerng or i ntegrating. 6 A propo
curricula in counting and adding is found in Tarp (2018a).

Thus, this simplicity of mathematics as expressed in a Gaefiore Adding curriculum allows
bundlenumbers to replace lineumbers, and tehrn core mathematics as proportionality, calculus,
equations and parumbers in early childhood. Imbedded in STHKamples, young migrants learn
core STEM subijects at the same time, thus allowing them to become-&HeNers or STEM
engineers to help delap or rebuild their own country. The full curriculum can be found in-a 27
page paper (Tarp, 2017).
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20. Good, Bad & Evil Mathematics - Sociological Imagination in Math Education

Mills (1959) describes imagination as the core of sociology. Bauman (1990) agrees by saying that
sociological thinking hitheatoapgressve ih itsappardnt fiaty; i g ai n

shows it as a world which could be different
warns againstasoal | ed goal di spl acement: AThe survi v:
may havebcome in the |ight of its original end,

Saying that the goal of mathematics education is to learn mathematics is one such goal
displacement, made meaningless by itsftrence. So, using sociological imagination we can

ask the 6Cinderella quest i orm®isadfferentveantothd t er na
goal of mathematics education, mastery of Man
mathematics? And, could it be that among them, one is good, and one is bad, and one is evil?

Meaning OEarth me@Reaunintgiobn d nn Gmlkeerks @ nidn Ar abi
clearly was grounded in the physical fact Many. But, around 1900 ttemsetpt transformed
grounded mat hema+ ie€¢ r ir intag | sonmd@da y 6Veh iscenl fi s a mi X
mat i ¢ s 0 ,tsconeepts by selefgrerice, i.e. topown as examples of abstractions instead of

bottomup as abstractions f-matm £mé@ mpd ee ;i mridde fb W
classr ooms. Here addi ng number s-examnptehas Bwieeksi ni t s
+ 3days is 17 days; in contrast-countedasBis3 = 66

The existence of three dif-merkdot amatricmedasa od
Omaimaei smd, all ows f defimtorissat i ng the foll owing

Good mathematics is absolute truths about things rooted in the outside worlds 1R = 6. So
good mathematics is tales about how totals are counted, united and changed; described by a
numberlanguage sentence with a subject, T, andrh,ve, and a predicate, 2*3.

Bad mathematics is relative truths about things rooted in the outside world. An example is claiming
unconditionally that 2+3 = 5. So bad mathematics is tales about numbers without units.

Evil mathematics talks about somethigsting only inside classrooms. An example is claiming

that fractions are numbers, and that they can be added without units as e.g. 1/2 + 2/3=7/6 even if 1
red of 2 apples plus 2 reds of 3 apples total 3 reds of 5 apples, and certainly not 7 egudes.6

So bad mathematics is tales about fractions as numbers.

On this background, the paper will outliaggrounded curriculum in Good Mathematics, free of
selfreference and godalisplacement (Tarp, 2018).
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21. Remedial Math MicroCurricula’ When Stuck in a Traditional Curriculum

Its many applications make mathematics useful; and of course, it must be learned before applied.

Or, can it be learned through its original roots? Observing the mastery of Many children bring to
school we discover, as an alternative to the presertastl mathematics,aMamb ased - 6 Many
matics6. Asking 6How many in total?6d we count
as well as to and from tens; also, we doutxent in two units to create paumbers, becoming

fractions with like ung. To predict, we use a recotformula occurring all over mathematics.

Once counted, totals can be added fiextr ontop rooting calculus and proportionality. From

t hi s -eforeAichdi ngd c¢ ur-maticswffers mmedibl anicrgurricula for classes

stuck in a traditional curriculum.

Introduction

Research in mathematics education has grown since the first International Congress on Mathematics
Education in 1969. Likewise, funding has increased as seen e.g. by the creation of a Swedish centre
for Mathematics Education. Yet, despite increased research and funding, decreasing Swedish PISA
result caused OECD (2015) to write the report
system as o6in need of ur gen isasobiainsgtaidn, soc&li nce m
theory may give a clue to the lacking success and how to improve schools in Sweden and elsewhere.

Social Theory Looking at Mathematics Education

Imagination as the core of sociology is described by Mills (1959). Bauman (1990) agrees by saying
that sociological thinking 6renders flexible
it shows it as a world which could be differentfremh at it i s nowodé (p. 16) .

Mat hematics education is an example of o6ratio
and the actors concentrate their thoughts and efforts on selecting such means to the end as promise
to be most effectiveandetcado mi cal (p. 79) 6. However

The ideal model of action subjected to rationality as the supreme criterion contains an
inherent danger of another deviation from that purpake danger of scalled goal
displacement. (..) The survival of the organization, éasv useless it may have become in
the light of its original end, becomes the purpose in its own right. (p. 84)

One such goal displacement is saying that the goal of mathematics education is to learn
mathematics since, by its sefference, such a goahtment is meaningless. So, if mathematics
i snét the goal of mathematics education, what

Mathematics, before and now

In ancient Greece, the Pythagoreans used mathematics, meaning knowledge in Gremknasmna

label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself, Many in space, Many in time and
Many in time and space. An dcomvendedby®latoasar mi ng
gener al curriculum together with &é6triviumd co

With astronomy and music as independent knowledge areas, today mathematics should be a
common label for the two remaining activities, geomeny algebra, both rooted in the physical

fact Many through their original meani ngs, Ot
And in Europe, Germanic countries taught counting and reckoning in primary school and arithmetic
and geometry in thiswer secondary school until about 50 years ago when they all were replaced

by the 6New Mat hemati csd.

Here the invention of the concept SET created ebSets e d-mametcad 6 as a -col | ec
provend stat edneefnitrse b oaudn evpedli nddwe me an-t def
reference, i.e. defining tepown as examples of abstractions instead of bettpras abstractions

from examples. And by looking at the set of sets not belonging to itself, Russell showed that self
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referencelead®t t he cl assi cal |l i ar paradox o6this sent
false:If M =1 Ab Al AlithenMi MU Mi M.

The ZermeloFraenkel Setheory avoids selfeference by not distinguishing between sets and
elements, thus becoming meaningless by not separating concrete examples from abstract concepts.

I n this way, SET changed grroafndrerthnmapt Gmehat ac s

mixture of metamat i ¢ s amat i6sma& hter ue i nside but sel dom
adding numbers without uaxamplesasesy. 2leeks+ 3daysis$’/ 5 6
days; in contrast to OGags8recountdd@s6sls.at i ng t hat 2

Difference Research Looking at Mathematics Education

Inspired by the ancient Greek sophists (Russell, 1945), wanting to avoid being patronized by choices
presented as snaetsemaechdDIi The pe nd@ed differencas makmgaa r ¢ h
difference. So, to avoid a goal displacement in mathematics education, diffeesaaech asks: How

will mathematics look like if grounded in its outside root, Many?

To answer we allow Many to open itself for us, so that, ascolum architects, sociological
imagination may allow us to construct a list of remedial margicula for classes stuck in a

traditional mathematics curriculum. So, we now return to the original Greek meaning of
mathematics as knowledge about Manytbglf and in time and space; and use Grounded Theory
(Glaser & Strauss, 1967), lifting Piagetian knowledge acquisition (Piaget, 1969) from a personal to
a social level, to allow Many create its own categories and properties.

Meeti ng Many Cr #efdrefsd dai nogCo uCwutr r i cul um

Meeting Many, we ask 6éHow many in Total ?6 To
numberlanguage sentences, T = 2 3s, containing a subject and a verb and a predicate asin a word
language sentence (Tarp, 2018b).

Rearanging many 1s in 1 icon with as many strokes as it represents (four strokes-gothdide
in the 5icon, etc.) creates icons to be used as units when counting:

rfo ] - = =t
[ A S s Qe e R s

1 2 3 4 5 6 7 8 9

We count in bundles to be stacked as bundiebers or blockhumbers, which can be-mwunted
and doublecounted and processed by-tmp and nexto addition, direct or reversed.

To count a total T, we take away bundle@liis rooting and iconizing division as a broom wiping
away the bundles) to be stacked (thus rooting and iconizing multiplication as a lift stacking the
bundles into a block) to be moved away to look for unbundled singles (thus rooting and iconizing
subtration as a trace left when dragging the block away). A calculator predicts the result by a re

count formula T = (T/B)*B saying that o6from T
and 71 2x3 gives 1,so0 T =7 = 2B1 3s.

7/3 2.some

771 2x3 1

Placing the singles nexb or ontop of the stack counted as 3s, roots decimals and fractions to
describe the singles: T=7=2.13s=21/3 3s

—_—

T=7= 23s&1= 2B13s 2.13s = 21/33s
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A total counted in icons can be-ceunted in tens, which roots multiplication tables; or a total
counted in tens can lbe-counted in icons, T = 42 = ? 7s, which roots equations.

Double-counting in physical units roots proportionality by {memmbers as 3$/4kg bridging the

units. Pemumbers become fractions if the units are the same. Singeipdyers and fractions are

not numbers but operators needing a number to become a number, they add by their areas, thus
rooting integral calculus.

Once counted, totals can be addedamatfter being reounted in the same unit, thus rooting
proportionality; or nexto as areaghus rooting integral calculus. And both-top and nexto
addition can be reversed, thus rooting equations and differential calculus:

2 3s + ? 4s =5 7s gives differentiation as: ? = {5273)/4 =DT/4

In a rectangle halved by a diagonal, mutuateenting of the sides creates the {mermbers sine,

cosine and tangent. Traveling in a coordinate system, distances add directly when parallel; and by
their squares when perpendicular-&inting the ychange in the xxhange creates change

formulas, algebraial | y predicting geometrical intersect
algebra, always together, never aparto princi

Predictable change roots pralculus (if constant) and calculus (if variable). Unpredictable change
roots st stdii cttioc mutmbedpso by a mean and a-ddtevi at
a confidence interval for numbers we else cannotjoe

A typical mathematics curriculum

Typically, the core of a curriculum is how to operate on specified and unspeuifigokrs. Digits

are given directly as symbols without letting children discover them as icons with as many strokes
or sticks as they represent. Numbers are given as digits respecting a place value system without
letting children discover the thrill of bulig, counting both singles and bundles and bundles of
bundles. Seldom 0 is included as 01 and 02 in the counting sequence to show the importance of
bundling. Never children are told that el even
and) ,1 Ol(etfetn6 and) 2 | eft d. Nev eanguagh sehteahceg M= ar e
2 5s, including both a subject, a verb and a predicate with a unit. Never children are asked to
describe numbers after ten as 1.4 tens with a decimal point andmgctbd unit. Renaming 17 as
2.-3tens and 24 as 1B14 tens is not allowed. Adding without units always precede bundling
iconized by division, stacking iconized by multiplication, and removing stacks to look for

unbundled singles iconized by subtractionshort, children never experience the enchantment of
counting, recounting and doubd®unting Many before adding. So, let us use difference research

and imagination to uncover or invent remedial micuoricula for classes stuck in the tradition.

Remediamicrocurricula for classes stuck in the tradition

01. A preschool or year 1 class is stuck with the traditional introduction ediorensional line

numbers and addition without counting. Here a difference is to usdimensional blockhumbers

and bund#-counting, recounting in the same and in a different unit, and calculator prediction before
nextto and ortop addition using LEG&ricks and a teiby-ten abacus. Teaching counting before
adding and nexto addition before otop addition allows learningore mathematics as

proportionality and integral calculus in early childhood.

02. A class is stuck in addition. Here a difference is to rename numbers using bundle names, e.g.
sixty-five as 6ten5, together with buneieiting, and to recount in the sameituio create or

remove an overor an underload. Thus T = 65 + 27 = 6B5 + 2B7 = 8B12 = 8+1H12 9B2 =

92.

03. A class is stuck in subtraction. Here a difference is to rename numbers using bundle names, e.qg.
sixty-five as 6ten5, together with bunekiting, and to recount in the same unit to create/remove
an over/undefoad. Thus T = 6627 = 6B5i 2B7 = 4B2 = 41B-2+10 = 3B8 = 38.
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04. A class is stuck in multiplication. Here a difference is to rename numbers using bundle names,
e.g. sixtyfive as 6tenbtogether with bundlevriting, and to recount in the same unit to
create/remove an over/undead. Thus T = 7* 48 = 7* 4B8 = 28B56 = 28+5B56 = 33B6 = 336.

05. A class is stuck in multiplication tables. Here a difference is to see multiplication as a
geometrical stack that recounted in tens will increase its width and therefore decrease its height to
keep the total unchanged. Thus T = 3*7 means that the total is 3 7s that may or may not be
recounted intens as T = 2.1 tens = 21 if leaving out the nditrasplacing the decimal point.

Another difference is to reduce the full {ey-ten table to a small-By-2 table containing doubling,
since 4 is doubling twice, 5 is half of ten, 6 is 5&1 or 10 less 4, 7 is 5&2 or 10 less 3 etc. Thus T =
2¥7 =2 7s = 2*6&2) = 10&4 = 14, or 2*(1B) =201 6 =14;and T = 3*7 = 3 7s = 3*(5&2) =

15&6 = 21, or 3*(163) = 301 9 =21; T = 6*9 = (5+1) * (14) =501 5 +107 1 =54, or (10

4)*(10-1) = 1007 107 40 + 4 = 54. These results generalize to &*@® = a*bi a*c and vice versa;

and (ai d)*(b7 c) = a*bi a*ci b*d + d*c.

06. A class is stuck in short division. Here a difference is to Here a difference is to talk about 8/2 as
68 counted in 2s6 instead of as 68 dbtimesded be
|l ess somet hingd and u-byS3 muliplecationdable. ThusT =f28 /6 =35t h e
I7=(51)=4;and T =57 /7 = (F04+1)/7 = 102+1/7 = 8 1/7. This result generalizes td (b

c)/a = b/a c/a, and vice versa.

07. A clasgs stuck in long division. Here a difference is to rename numbers using bundle names,
e.g. sixtyfive as 6ten5, together with bunelieiting, and to introduce recounting in the same unit
to create/remove an over/undead. Thus T = 336 /7 = 33B6 /7 = 288K = 4B8 = 48.

08. A class is stuck in ratios and fractions greater than one. Here a difference is stock market
simulations using dices to show the value of a stock can be both 2 per 3 and 3 per 2; and to show
that a gain must be split in the ratio 2 paf you owe two parts of the stock.

09. A class is stuck in fractions. Here a difference is to see a fraction asampasr and to recount

the total in the size of the denominator. Thus 2/3 of 12 is seen as 2 per 3 of 12 that can be recounted
in 3s asl2 = (12/3)*3 = 4*3 meaning that we get 2 4 times, i.e. 8 of the 12. The same technique

may be used for shortening or enlarging fractions by inserting or removing the same unit above and
below the fraction line: T = 2/3 =2 4s/ 3 4s = (2*4)/(3*4) = 8/1%] & = 8/12 =4 2s/ 6 2s = 4/6

10. A class is stuck in adding fractions. Here a difference is to stop adding fractions since this is an
exampl e -mdt iOmad hter ue inside but seldom outsid
red of 3 apples totd red of 5 apples and not 7 red of 6 apples as rmtism teaches. The fact is

that all numbers have units, fractions also. By itself a fraction is an operator needing a number to
become a number. The difference is to teach dectumting leading to penumbers, that are

added by their areas when letting algebra and geometry go hand in hand. In this way, the fraction

2/3 becomes just another name for themenber 2 per 3; and adding fractions as the area under a
piecewise constant paumber graphbecme s 6é mi ddl e school i ntegrati
high school integration finding the area under a locally constantyaber graph.

11. A class is stuck in algebraic fractions. Here a difference is to observe that factorizing an
expression mass finding a common unit to move outside the bracket: T = (a*c + b*c) = (a+b)*c =
(atb) cs.

12. A class stuck in proportionality can find th@@mber for 12kg at a price of 2$/3kg but cannot
find the kgnumber for 16$. Here a difference is to see thee@ica penumber 2$ per 3kg

bridging the units by recounting the actual number in the corresponding number in-theryer.
Thus 16$ recounts in 2s as T = 16$ = (16/2)*2$ = (16/2)*3kg = 24 kg. Likewise, 12kg recounts in
3sas T =12kg = (12/3)*3kg = (&D*2$ = 8%.

13. A class is stuck in equations as 2+3*u = 14 and @5 14 and 40/u = 5, i.e. that are composite
or with a reverse sign in front of the unknown. Here a difference is to use the basic definitions of
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reverse operations to establish thebasir ul e f or sol ving equations ¢
the opposite signo: Il n the equation u+3 = 8 w
definitionisu=8 3 . Li kewise with u*2 = 8 and u = 8/ 2;
with 3*u = 12 and u = log3(12). Another difference is to see 2+3*u as a double calculation that can
be reduced to a single calculation by bracketing the stronger operation so that 2+3*u becomes
2+(3*u). Now 2 moves to the opposite side with the oppositesigce thedbr ac ket doesnod
areverse sign. Thisgives3*u=12. Since u doesndt have a reve
side where a bracket tells that this must be calculated first: »-2)(34 12/3 = 4. A test confirms

that u = 4: 2+3*u= 2+3*4 = 2+(3*4) = 2 + 12 = 14. With 25u = 14, u moves to the other side to

have its reverse sign changed so that now 14 can be moved: 25 = 14i+14 2%; 11 = u.

Likewise with 40/u = 5: 40 = 5*u; 40/5 = u; 8 = u. Pure leftemulas build routie as e.g.
6transform the) fosomuhat Takl al ¢é¢bters become su
AEquations are the best we know / theyobére sol
/ around multiplication. / We change the sigrddake away / and only x itself will stay. / We just

keep on moving, we never give up [/ so feed us

14. A class is stuck in classical geometry. Here a difference is to replace it by the original meaning
of geometry, to masure earth, which is done by dividing the earth into triangles, that divide into
right triangles, seen as half of a rectangle with width w and height h and diagonal d. The
Pythagorean theorem, w2 + h"2 = d*2, comes from placing four playing cardsaafiestber

with a quarter turn countelockwise; now the areas w2 and h”2 is the full area less two cards,
which is the same as the area d"*2 being the full area less 4 half cards. In a 3 by 4 rectangle, the
diagonal angles are renamed a 3per4 angle dpeér3 angle. The degresize can be found by the
tan-bottom on a calculator. Here algebra and geometry go hand in hand with algebra predicting
what happens when a triangle is constructed. To demonstrate the power of prediction, algebra and
geometry shouldlways go hand in hand by introducing classical geometry together with algebra
coordinated in Cartesian coordinate geometry.

15. A class is stuck in stochastics. Here a difference is to introduce the three different forms of
change: constant change, predite change, and unpredictable or stochastic change. Unable to
Opdectd a number, i-dsteéeddi $ssapreviosscéadaehapos
interval that will contain about 95% of future numbers; and that is found as the hasémipus

twice the deviation, both fictitious numbers telling what the leaetl spreashumbers would have

been had they all been constant. As factual descriptors, the 3 quartiles give the maximal number of
the lowest 25%, 50% and 75% of the numbersaesgely. The stochastic behavior of n repetitions

of a game with winning probability p is illustrated by the Pascal triangle showing that although
winning n*p times has the highest probability, the probability of not winning n*p times is even

higher.

16. A class is stuck in the quadradic equation x*2 + b*x + ¢ = 0. Here a difference is to let algebra
and geometry go hand in hand and place twloym playing cards on top of each other with the
bottom left corner at the same place and the top card targadrter clockwise. With k =1x, this
creates 4 areas combining to (x + k)2 = x"2 + 2*k*x + k2. With k = b/2 this becomes (x + b/2)"2
=x"2 + b*x + (b/2)*2 + @ ¢ = (b/2)"2i c since x"2 + b*x + ¢ = 0. Consequently the solution is x
=b/ 2 Nafg¢b/ 2)r2

17. A class is stuck in functions having problems with its abstract definition asedagein where

first component identity implies second component identity. Here a difference is to see a function
f(x) as a placeholder for an unspecified forenfitontaining an unspecified number x, i.e. a
standbycalculation awaiting the specification of x; and to stop writing f(2) since 2 is not an
unspecified number.

18. A class is stuck in elementary functions as linear, quadratic and exponential fubtgiens.
difference is to use the basic formula for a thdegt number, T = a*x*2 + b*x + ¢, where x is the
bundle size, typically ten. Besides being a quadratic formula, this general number formula contains
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several special cases: proportionality T = Hitxearity (affinity, strictly speaking) T = b*x+c, and
exponential and power functions, T = a*k”x and T = a*x”"k. It turns out they all describe constant
change: proportionality and linear functions describe change by a constant number, a quadratic
function describes change by a constant changing number, an exponential function describes change
with a constant percentage, and a power function describes change with a constant elasticity.

19. A class is stuck in roots and logarithms. With thed®t of 20 defined as the solution to the
equation x5 = 20, a difference is to rename a root as a-aweder finding the factor that 5 times
gives 20. With the basd8g of 20 defined as the solution to the equation 3*x = 20, a difference is
to renamdogarithm as a factecounter counting the numbers of&tors that give 20.

20. A class is stuck in differential calculus. Here a difference is to postpone it because as the reverse
operation to integration this should be taught first. In Arabic, atget@ans to reunite, and written

out fully, T = 345 = 3*B"2 + 4*B + 5*1 with B = ten, we see the four ways to unite: Addition and
multiplication unite variable and constant unit numbers, and integration and power unite variable

and constant parumbers. Andeaching addition and multiplication and power before their reverse
operations means teaching uniting before splitting, so also integration should be taught before its
reverse operation, differentiation.

21. A class is stuck in the epsiloielta definiton of continuity and differentiability. Here a

di fference is to rename them 61l ocal constancy
y is globally constant c if for all positive numbers epsilon, the difference between y and c is less
thanepsilon. And y is piecewise constant c if an intewalth delta exists such that for all positive
numbers epsilon, the difference between y and c is less than epsilon in this interval. Finally, y is
locally constant c if for all positive numbers epsilan,intervalwidth delta exists such that the

difference between y and c is less than epsilon in this interval. Likewise, the chan@g/iatican

be globally, piecewise or locally constant, in which case it is written as dy/dx.

22. A class of special rd students is stuck in traditional mathematics for low achieving, low

attaining or low performing students diagnosed with some degree of dyscalculia. Here a difference
is to accept the twdimensional blockhumbers children bring to school as the bagisli&veloping

t he chil dr e-adgsageo Mirst thenstudebte use a folding ruler to see that digits are not
symbols but icons containing as many sticks as they represent. Then they use a calculator to predict
the result of recounting a total in tekeme unit to create or remove undaroverloads; and also to

predict the result of recounting to and from a different unit that can be an icon or ten; and of adding
both ontop and nexto thus learning proportionality and integration way before thagsrhates, so

they can return to class as experts.

23. A class of migrants knows neither letters nor digits. Her a difference is to integrate the word
and the numbelanguage in a language house with two levels, a language describing the world and
a metalanguage describing the language. Then the same curriculum is used as for special need
student s. Free f r ommatiesand matmemtisN seging Mactiots@s met a
numbers that can be added without units, young migrants can learn core mathignuatéeyear

and then become STEM teachers or technical engineers in eydaeeourse.

24. A class of primary school teachers expected to teach both theamdrthe numbelanguage is

stuck because of a traumatic prehistory with mathematics. Heffer@ce is to excuse that what

was call ed mat he mataitd s mba s ai Ambticspredetihgodricepie t a
from above as examples of abstractions instead of from below as abstractions from examples as
they arose historically; and mathgatism, true inside but seldom outside a classroom as adding
without units. Instead, as a grammar of the number language, mathematics should be postponed
since teaching grammar before language creates traumas. So, the job in early childhood education is
to integrate the worcand the numbekr anguage with their 2x2 basic
does it do?6; and 6How many in total? How man
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25. In an inrservice education class, a group of teachers are stuck in how to makenaiith more
relevant to students and how to include special need students. The abundance of material just seems
to be more of the same, so the group is looking for a completely different way to introduce and

work with mathematics. Here a difference igjtoto the MATHeCADEMY .net, teaching teachers

to teach MatheMatics as ManyMatics, a natural science about Many, and watch some of its
YouTube videos. Then to try out the OFREE 1da
where, in the morning,apowerpot pr esentation 6Curing Math Di
l ocally and at a Skype conference with an ins
before you Add bookletd to experienceggderoport
learning opportunities in bundigunting and re&eounting and nexto addition. Then another Skype
conference follows before the coffee break.

To learn more, the group can take a-gear inservice distance education course in the CATS
approach tanathematics, Count & Add in Time & Space. C1, Al, T1 and S1 is for primary school,
and C2, A2, T2 and S2 is for primary school. Furthermore, there is a study unit in quantitative
literature. The course is organized as PYRAMIDeDUCATION where 8 teacherfteams of 4
choosing 3 pairs and 2 instructors by turn. An external coach helps the instructors instructing the
rest of their team. Each pair works together to solve count&add problems and routine problems; and
to carry out an educational task to beartgd in an essay rich on observations of examples of
cognition, both recognition and new cognition, i.e. both assimilation and accommodation. The
coach assists the instructors in correcting the count&add assignments. In a pair, each teacher
correctsthe t h e r 6 sssignment. Eachepair is the opponent on the essay of another pair. Each
teacher pays for the education by coaching a new group of 8 teachers.

The material for primary and secondary school has a short quesigkanswer format. The

gueston could be: How to count Many? How to recount 8 in 3s? How to count in standard bundles?
The corresponding answers would be: By bundling and stacking the total T predicted by T =
(T/B)*B. So, T =8=(8/3)*3 =2*3 + 2 = 2*3 + 2/3*3 = 2 2/3*3 = 2.2 3s. Bling bundles gives a
multiple stack, a stock or polynomial: T = 456 = 4BundleBundle + 5Bundle + 6 = 4tenten5ten6 =
4*BN2+5*B+6*1.

Inspirational purposes have led to the creation of sef2efdllarp YouKu.com, SoKu.com videos,

and MrAlTarp YouTube videso: €onstructing Fractions, Deconstructing Calculus,

Deconstructing PreCalculus Mathematics, Missing Links in Primary Mathematics, Missing Links in
Secondary Mathematics, Postmodern Mathematics, PreSchool Math.

Conclusion

For centuries, mathematics was insgdacontact with its roots, the physical fact Many. Then New

Math came along claiming that it could be taught and researched asefeseihg metamatics

with no need for outside roots. So, one alternative presents itself directly for future studieg crea

a paradigm shift (Kuhn, 1962): to return to the original meaning of mathematics asmatoy

grounded as a natural science about the physical fact Many; and to question existing theory by using
curriculum architecture to invent or discover hidddifedences, and by using intervention research

to see if the difference makes a difference.

In short, to be successful, mathematics education research must stop explaining the misery coming
from teaching metanatism. Instead, mathematics must respect iggroas a mere name for algebra

and geometry, both grounded in Many. And research should search for differences and test if they
make a difference. Then learning the wdadguage and the numblanguage together may not be

that difficult, so that all lea school literate and numerate and use the two languages to discuss how
to treat nature and its human population in a civilized way.

Inspired by Heidegger, an existentialist would say: Insergtence, trust the subject since it exists,
but doubt the pradate, it is a verdict that might be gossip. So, maybe we should stop teaching
essence and instead start letting learners meet and experience existence.
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22. Mastering Many by Counting, Re-counting and Double-counting before Adding
On-top and Next-to

Observing the quantitative competence children bring to school, and by using diffezeaaech
searching for differences makingaai desbf eHenee
icons wth as many sticks as they represent. Operations are icons also, used whercbuntiey

produces twalimensional blocikhumbers, ready to be+®unted in the same unit to remove or

create overloads to make operations easier; or in a new unit, laterdgaittgoortionality; or to and

from tens rooting multiplication tables and solving equations. Here daxtalating in two units

creates peinumbers becoming fractions with like units; both being, not numbers, but operators
needing numbers to become numbAdiition here occurs both eip rooting proportionality, and

nextto rooting integral calculus by adding areas; and here trigonometry precedes geometry.

Keywords:numbers, operations, proportionality, calculus, early childhood

Being highly useful to the outside world, mathematics is a core part of institutionalized education.
Consequently, research in mathematics education has grown as witnessed e.g. by the International
Congress on Mathematics Education taking place each éaursince 1969. However, despite 50

years of research, many countries still experience poor results in the Programme for International
Student Assessment (PISA). In the former model country Sweden this caused the Organisation for
Economic Ceoperationanddevel opment ( OECD) to write the re
Swedendé describing its school system as &6in n
students not even achieving the baseline Level 2 in mathematics at which students begin to
demmstrate competencies to actively participat

Mathematics thus seems to be hard by nature. But, with mathematics and education as social
institutions, a different answer, by choice, may come from sociology, having imaginathoroae
part as pointed out by Mills (1959). Bauman (1990) agrees when talking about organizations:

Sociological thinking is, one may say, a power in its own righgrdrfixating power. It

renders flexible again the world hitherto oppressive in imegnt fixity; it shows it as a

world which could be different from what it is now. (p.Rgtional action (..) is one in which
theendto be achieved is clearly spelled out, and the actors concentrate their thoughts and
efforts on selecting suaheando the end as promise to be most effective and economical.
(p-79) Last but not least, the ideal model of action subjected to rationality as the supreme
criterion contains an inherent danger of another deviation from that purfiesdanger of
so-calledgoal displacement (..) The survival of the organization, however useless it may

have become in the light of its original end, becomes the purpose in its own right: the new end
against which the organization tends to measure the rationality of its perfor(pa¥te

It is a general opinion that the goal of mathematics education is to learn mathematics. However, this
goal is selreferring. So maybe traditional mathematics has a goal displacement hiding a different
more fruitful way to the outside goal, to marsMany as it occurs in space and time?

Difference-research

To find differenceseaechde( O®Dipfe2@hb8a&) searc
difference, thus containing two parts: finding a difference, and testing it to see if it makes a
difference. This paper focuses on the first part in order to find differences that can be tested to
create a background farpossible paradigm shift (Kuhn, 1959).

Differenceresearch builds on sociological imagination; and on the skeptical thinking ah¢hent
Greek sophists warning against choice presented as nature. Thus disagreeing with Plato seeing
choice as an illusion since the physical is but examples ofphgftsical forms visible only to
philosophers educated at his academy, later by Christitamited into monasteries before being
changed back again by the Reformation. In the Renaissance, this created the skeptical thinking of
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natural science, which rooted the Enlightenment century with its two republics, the American and
the French (Russell945).

Where France now has its fifth republic, the USA still has its first with skepticism as pragmatism
and symbolic interactionism and grounded theory. To protect its republic, France has developed a
skepticism inspired by the German thinker Heideggeg,e n by Bauman as start

Copernican revolutiond by asking: What is O0is
Heidegger (1962) sees three of our seven basictisat e ment s as describing
and oO0it is06 and atwarlttegetheawitk I6and woth They, lwitheTkings and witim

Ot hers. To have real existence, the o618 must

is made difficult by the o6dictat or sphsonobidleof t h
talk, gossip.

Heidegger thus uses existentialist thinking, described by Sartre (Marino, 2004) as holding that
6exi stence precedes essencebd (p. 22). I n Fran
pointing out that society foreevords upon you to diagnose you so it can offer cures including one

you cannot refuse, education, that forces words upon the things around you, thus forcing you into an
unauthentic relationship to yourself and your world (Foucault, 1995; Lyotard, 19§4;204.6).

Differenceresearch tells what can be different from what cannot. From a Heidegger view, an is
sentence contains two things: a subject that exists and cannot be different, and a predicate that can
and that may be gossip masked as essence, pravak 6t he banal ity of Evil
institutionalized. So, to discover its true nature, we need to meet the subject, Many, outside the
predicateprison of traditional mathematics. We will use Grounded Theory (Glaser and Strauss,
1967), lifting Pigetian knowledge acquisition (Piaget, 1970) from a personal to a social level, to
allow Many create its own categories and properties. In this way, we can see if our observations can
be assimilated to traditional mathematics or will suggest it be accontedoda

Our Two Languages with Word- and Number-Sentences

To communicate we have two languages, a wanguage and a numblmguage. The word

language assigns words to things in sentences with a subject, a verb, and an object or predicate:
60Thi s i.Asdeestbenambérd@ nguage assigning numbers ins
|l egs6, abbreviatedTto304TE6 3eitbal Uind o3 t fumwan €04 \y
hides the similarity between werdnd numbessentences by leaving ailite subject and the verb by
just saying 63*4 = 126.

Both languages have a mdsmguage, a grammar, describing the language, describing the world.
Thus, the sentence O6tsking einxea 6O &i6r @ sl eaaad autxo
set ent=e 36* 406 | eadnttemce mMdt*®d i s a commutative

Since the metéanguage speaks about the language, we should teach and learn the language before
the metalanguage. This is the case with the wdadguage only. Instead its se#fferring setbased

form has turned mathematics into a grammar | a
means to dim the impeding consequences of teaching a grammar before its language.

So, using full sentences including the subject and tHe imenumbetlanguage sentences is a
difference to the tradition; as is teaching language before grammar.

Mathematics, Rooted in Many, or in Itself

The Pythagoreans used mathematics, meaning knowledge in Greek, as a common label for their
four knowledge eeas: arithmetic, geometry, music and astronomy (Freudenthal, 1973), seen by the
Greeks as knowledge about Many by itself, Many in space, Many in time and Many in space and
time. Together they formed the O6quacdlum vi umdé r
together with O6triviumbé consisting of grammar
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With astronomy and music as independent areas, today mathematics should be a common label for
the two remaining activities, geometry and algebra, both rooted in yisecphfact Many through
their original meanings, Oto measure eartho i

However, 50 years ago the s®incept created aselfe f er r i ng O Nema tMactshéd wirt
concepts defined tegown as examples from abstracsanstead of bottorap as abstractions from
examples. And neglecting that Russell, by looking at the set of sets not belonging to itself, showed
thatselfr ef erence | eads to the classical Il i ar par e
trueif false: IfM =1 Ab Al AiithenMi MU Mi M.

So, to find a difference we now return to the Greek origin to meet Many openly to uncover a
O0Ma-mgticsd as a natural science about Many.

Meeting Many, Children use Block-numbers to Count and Share

How to master Many can be observed from presc
yearol d child will say O6Fouré& and show 4 finger
6That is not 4, that is 2 2s.6

Children thus describes what esign the world: bundles of 2s, and 2 of them. So, what children
bring to school is 2limensional blockhumbers, illustrated geometrically by LEGO blocks,
together with some quantitative competence. Children thus leseurating 5 sticks in 2s in various
waysas12s&3,as22s&1,andas 3 2s less 1.

Sharing nine cakes, four children tak
say Ol etdés count it as 406. Thus, <chil
and by taking 1 of 4 parts.

e one by
dren sha

Children quickly observaumbherdi asefenrc8 Rat we
number as 3, serving only as a bundilenber by always leaving singles if stacked.

Finally, by turning and splitting-Bimensioml or 3dimensional blocks, children see their
commutative, distributive and associative properties aseselent: of course, 2 3s is the same as 3
2s; and 6 3s can be splitin 4 3s and 2 3s; and 2 3*4s is the same as 2*3 4s.

Meeting Many Openly

Manyexst s i n space and time as multiplicity and
total?6 To answer, we count and add. We count
fully the totalT = 456 = 4B"2 + 5*B + 6*1 showing three stacks or bkscadded nexto each

other: one with 4 bundles of bundles, one with 5 bundles, and one with 6 unbundled singles.
Typically, we use ten as the bundlieze, formally called a base.

Digits occur by uniting e.g. five ones to one fives, rearranged as an itofive strokes if written

less sloppy. As the bundiéze, ten needs no icon when counted as 10, one bundle and no
unbundled. Then follow eleven and twel ve c¢o0mi
oOtwo | efto.

1 2 3 4 5 6 7 8 9
I Il 11 I i

L EgES

Figure 1. Digits as icons with as many sticks as they represent.

Counting by Bundling

We count in several ways. Some gathem nt er cul tures count o6one, t
to differentide degrees of Many and typically bundles in tens. To include the bundle, we can count
00Bundd2 B2, él1BL,1B26, etc.; or 60.1 tens, 0.2 te
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separate the bundles from the unbundled singl
2, é, 7, bundle |l ess 2, bundle less 1, bundl e
number of bundles, a number of singles, and a numbénddyundlesize.

Bundlec ounti ng, we ask e.g. OA total of-buiidle s how
onttop of each other. The single can be placed-texir ontop counted in 3s. Thus, the result of
counting 7in3sT=23s&1,canbemttenasT=2B1 3 s usi-wmrgi toibrugid2.and a
3s usingvradecnighial 2arnd 3as3s -wirsiitnign godf.r act i on

(ITTrrr] — [OOO7 B — h —>
Figure 2. Seven bund®ounted as 2Bundlel 3s, as 2.1 3s, and as 2 1/3 3s.

Bundle-counting in Space and Time

We include space andotuinmeé nigy u i s@adgetiomaaddr Y a
Counting in space, we stack the bunaédnoedse 6a.n dHerr
the total 7 is on the below bar with 1 unbundled and a block with 2 bundles on the bars above.

Figure 3. Seven bundisunted as 2B1 3s on an abacus in geomeinye.

Counting in time, we count the bunéeloads 6andderree
the total 7 is on the below bar with 1 unbundled and the number of bundles on the bars above.

N
HEEEEEEEE

N O
|

Figure 4. Seven bundsunted as 2.1 3s on an abacus in algefm@de.
A Calculator Predicts Countingesults

Iconizing the counting processes also, a calculator can predict a coregulg A stack of 2 3s is
iconized as 2x3 (or 2*3) showing a lift used 2 times to stack the 3s. As for taking away, subtraction
shows the trace left when taking away just once,davidion shows the broom wiping away several
times.

So, entering 67/ 36 we ask the calculator o6fro
answer is 02. somed. To find the | eftox*e3d.sin
Fromtheanswer 0616 we BloRBsl udbddwh atg D&= a di spl ay
predicts that 7 can be-munted as 2 3s and 1, or &123s or 2.1 3s.

713 2.some
71 2*3 1
Figure 5. A calculator predicts how 7-munts in 3s as 2.1 3s.

A calcul at orcotumd s fTe-y BB, @ Gdaryei n gT, T/Btimds,BoOHf r o m
can be taken-sawakbo Te@ibyB, a 6staryei n gT, Ti Bisleft, ifisr o m
taken away and placednexto 6. The f or mu dlay&8EGRAblgcksbTde réolnt ust r at
formula introduces early algebra (Kieran, Pang, Schifter and Ng, 2016) from grade one; and it

occurs all over mathematics and science as proportionality formulas. Likewise, the early use of a
calculator shows the importancemathematics as a language for prediction.
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Cup-Counting Allows ReCounting in the Same Unit

Cup-counting uses a cup when bundlgunting e.g. 7 in 3s. For each bundle we place a stick inside
the cup, leaving the unbundled singles outside.

T=7=1 | | HWHI 1 1 YW J[uvaB]1 3As = 2.1 3s

One stick moves outside the cup as a bundle of 1s, that moves back inside as 1 bundle. This will
change the 6normal & form to an 0o vnamberethad 6, or
may be used freely in childhood even if adults abstain from doing so:

T=7~=I I (L I I R Y Y B4¥=1408s ] I | I |

T=7=l | | WHHHY | [ ¥ B33s=3:23s

Re-Counting in a Different Unit

Re-counting in a different unit means changing units, also called proportionaliyoureing 3 4s
inbs,therec ount formula and a calculator predict t
taking away the 2 5s.

3*4/5 2.some
3*4712*5 2
Figure 6. A calculator predicts how 3 4seeunts in 5s as 2.2 5s.

Re-Counting from Icons to Tens

A calculator has no tebutton. Instead, to reount an icomumber as 3 4s in tens, it gives the result
1.2 tens directly in ahort form that leaves out the unit and misplaces the decimal point one place to
the right, strangely enough called a édnatural

3*4 12
Figure 7. A calculator predicts how 3 4seeunts in tens as 1.2 tens.

Re-counting from icons to tens, 3 4s is a geometrical block that increases its base. Therefore, it must
decrease its height to keep the total unchanged.

Re-counting in tens is called multiplication tables to be learned by heart. However,-thetem
table can be reduced to a¥-4 table since 5 is half of ten and 6 is ten less 4, and 7 is ten less 3 etc.
ThusT = 4*7 = 4 7s that reounts in bundles of tens as

T=4*7 = 4*1B-3 tens = 8-12 tens = B-2 tens = B8 tens = 28
Such results generalize to algebraic formulag*@si c) = a*b 1 a*c.
Re-Counting from Tens to Icons

Recounting from tens to icons wil/ decrease th

7s0 is call ed* ad, euwuternfgrt| onEn@id eumber. An equation is

easily solved by recounting 38 in 7s, thus pr

met hod as a difference to the traditional 6do
u*7 = 38 = (38/7)*7 (¢ u=38/7=53/7 \

Figure 8. An equation solved by-cteunting, the OppositeSide&Sign method.
Once Counted, Totals Can be Added @op or NextTo

Toaddot op by asking 63 5s and 2 3s total how ma
must be recounted in 5s asBIlL 5s that added to the 3 5s giv&ibs.

Using a ca

2*3)/ 56, t

cul ator to predict

[ the resul t, w e
he answer i s 04. Some b

Ttadkli5sr g away
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(83*5+2*3)/5 4.some
(3*5+2*3)I 4*5 1

Figure 9. A calculator predicts how 3 5s and 2 3goents in 5s as 4.1 5s.

Toaddnext o by asking 63 5s and 2 3s total how ma
calculus. With blocks we get the answ&528s.

Using a calculator to predict the result, we
2*3)/ 86, the answer is 02. Someb TaB5i81g away
(3*5+2*3)/8 2.some
4*5+2*3)12*8 5

Figure 10. A calculator predicts how 3 5s and 2 3soents in 8s as 2.5 8s.
Reversing Adding OfiTop and NextTo

Reversed addition may be called backward calculation or solving equations. Remergittg
addition may be called reversed integration o
2B6 8s?06, using bIBi8ks gives the answer 2

Using a calculator to predict the result, the remaining is bracketed before counting in 3s.
(2*8+61 3*5)/3 2
(2*8+61 3*5)12*3 1

Figure 11. A calculator predicts how 2.6 8saeunts in 3 5s and 2.1 3s.

Adding or integrating two areas next each other means multiplying before adding. Reversed
integration, i.e. differentiation, then means subtracting before dividing, as shown by the gradient
formulay 0 By# = (y2i yl)it

Double-Counting in Two Units Creates Pelumbers and Proportionality

Doublec ounting the same total i n two uninusbies sda
as e.g. 2$ per 5kg, or 2$/5kg, or 2/5 $/kg.

To answer T4 eb6 $ u=e sselhgdenuaber to recount 6 in 2s, that many times

we have5kgT= 6% = (6/2)*2% = (6/2)*5kg =T=20kd*«xg = 1
?$06, t héd=20kgs=u20/6)*5kgs (20/5)*2% = 4*2% = 8%.

A total can be doubteounted in coloredlocks of different values, e.g. 1 red per 3 blues. Here, a total

of 10 blues recounts a¥ = 7b & 1r = 4b & 2r = 1b & 3r. Likewise, a total of 3 reds feounts ag =
3b & 2r = 6b & 1r = 9. Placed next to each other, this introduces a primitive caslsystem.

Figure 12. 10 blues left, and 3 reds right;aeunted incombinations.
Double-Counting in the Same Unit Creates Fractions as Pdumbers

Doublecounting a total in the same unit, permbers take the form of fractions, e.g. as 3% per 5$ =
3/5; or percentages as 3% per 100$ = 3/100 = 3%.
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Thus, to find 3$ per 5% of 203, or 3/5 of 20, wecoaint 20 in 5s as 20 = (20/5)*5 = 4*5. Now we
have wo options. Seeing 20 as 4 5s, 4 times we get 3, i.e. 4*3 = 12; and seeing 20 as 5 4s, we get 3
4s, i.e. 3*4 =12,

Likewise, to find what 3% per 5% is in percent, i.e. per 100, weouait 100 in 5s as 100 =
(100/5)*5 = 20*5. Again, we have two options.es® 100 as 20 5s, 20 times we get 3, i.e. 20*3 =
60; and seeing 100 as 5 20s, we get 3 20s, i.e. 3*20 = 60. So, 3 per 5 gives 60 per 100 or 60%.

Including or removing units will enlarge or reduce fractions:

4/6 = 4 3s/6 3s = 4*3/6*3 = 12/18

4/6 = 2*2/3*2=2 2s/3 2s = 2/3

Adding Pernumbers Roots Integral Calculus before Differential Calculus

Adding 2kg at 3%/ kg-naumib edksgd a2t a®d/ kdg -aubbred i & venc
3 and 5 must be multiplied first, thus creating areas. Soy®aikers and fractions are not numbers,
but operators needing numbers to become numberswPdrers thus add by the areas under the
pernumber graph, here being Opiecewise constant

Asking 63 seconds at 4m/ s -niunthremashilsn g [ctomasd ialnyt
concept is fepgilondeltacz e d eby oad &deeingytbréegl 6 baim
c o n s tifafartany positive numbeepsilon the difference betwegnandc is less tharepsilon.

Andyi s 0O pi e c e wif anentevadwidth tedtarexisés such that, for any positive number

epsilon the difference betwegnandc is less tharepsilonin this interval. Interchangingpsilon
anddeltamakesy6 | ocal |y constantdé or conylixoanlbeus. Li ke
globally, piecewise or locally constant, in the latter case writtehyad d x = y 6

With locally constant penumbers, the area under the graph splits up into countless strips that add
easily if written as differences since the middle terms th#érisappear, leaving just the difference
between the endind starvalues. Thus, adding areas precedes and motivates differential calculus.

Using Letters and Functions for Unspecified Numbers and Calculations

At the language level we can set up a caltaoh with an unspecified numbere.gT=2+7?=2+
u. Also, at the metéanguage level we can set up an unspecified formula with an unspecified
numberu, written asT = f(u).

With one unspecified number, a formula becomes an equation asu8 wittrtwo, a formula
becomes a function as T =2*and with three, a formula becomes a surface as Tu=2*w.

Although we can write ifT = f(2) is meaningless since 2 is not an unspecified number. When
specified, a function can be linear or exponenbat it cannot be a number or increase. A total can
increase, but the way it does so cannot. Mixing language andangizage creates meaningless
sentences as Othe predicate ate the appl eb.

A general numbeformula as e.gT = a*x*2 + b*x + cis called gpolynomial. It shows the four
different ways to unite, called algebra in Arabic: addition, multiplication, repeated multiplication or
power, and blocladdition or integration. Which is precisely the core of traditional mathematics
education, teaching adutin and multiplication together with their reverse operations subtraction
and division in primary school; and power and integration together with their reverse operations
factorfinding (root), factorcounting (logarithm) and perumberfinding (differentation) in

secondary school.

Including the units, we see there can be only four ways to unite numbers: addition and
multiplication unite changing and constant umitmbers, and integration and power unite changing
and constant patumbers. We mightcalhti s beaut i ful simplicity o6th
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Operationsunite/ _

) . Changing Constant
split Totals in
Unit-numbers T=a+n T=a*n
m, s, kg, $ Tin=a TIn=a
Pernumbers T = Ua*d T=a’n
m/s, $/kg, $/100$ = % dT/dn=a NFT = gT=n

Figure 13. -sqUulae edalsdhowlwrsat he four ways to
The numbeiformula contains the formulas for constant change:
T = b*x (proportional)
T = b*x + c (linear)
T = a * x"n(elastic)
T = a * n™x(exponential)
T = a*x"2 + b*x + c (accelerated)

If not constant, numbers change: constant change roetajmdus, predictable change roots
calculus, and unpredictabl e change-dr ao«dtdos wshtadt
cannodi opd e

Combining linear ad exponential change Imjtimes depositing$ to an interest ratéo, we get a
savingA$ predicted by a simple formul&/a = R/r,where the total interest raeis predicted by
the formulal+R = (1+r)"n.

The formula and the proof are both elegant: bmak, an account contains the amaa/nt A second
account receives the interest amount from the first accoant= a, and its own interest amount,
thus containing a savingthat is the total interest amouRta/r, which givesA/a = RIr.

Trigonometrybefore Geometry

The tradition introduces plane geometry before coordinate geometry and trigonometry. A difference
is the opposite order with trigonometry first since halving a block by its diagonal allows the base
and the height to besmunted in the digonal or in each other to create the-m@mbers sine,

cosine, tangent and gradient:

height = (height/base)*base = tangent*base = gradient*base.

This allows a calculator to fingi from a formula;p = n*tan(180'n) for n sufficiently large; and it
allows to predict an angk form its basé and height by reversing the formula tah= a/b.

Integrating plane and coordinate geometry allows geometry and algebra to always go hand in hand.
In this way solving algebraic edtians predicts intersection points in geometrical constructions,
and vice versa.

Testing a Manymatics Micro-curriculum

A 61 cup an dcurkiculsm carcbk dedigneditochelpa class stuck in division. The
intervention begins by bundiounting 5sticks in 2s, using the cup for the bundles. The results,

1B3 2s and B1 2s and B-1 2s, show that a total can be counted as an inside number of bundles,
and an outside number of singles; and written in three ways: overload and normal and underload.

So,to divide 336 by 7, we move 5 bundles outside as 50 singlesctourg 336 with an overload:
336 = 3B6 = 2856, which divided by 7 givesB8 = 48. With multiplication, singles move inside
as bundles: 7*B8 =2856=38B6 = 336. 01 s ypicalreactoa.t easy?d i s
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Algebra before Arithmetic may now be Possible
Introducing algebra before arithmetic was central to the New Math idea and to the work of Davidov

(Schmittau, 2004). Introducing algebra as gen
desc i b es h o-gradé dSAtlass is ihvastigating what happens to the product of a
mul tiplication expression when one factor is

p.17). The investigation begins with an example showing that 7*3 m#1/*» = 35, and 9*3 =
27.

In a firstgrade class working with bloekumbers with the bundle as the unit, the answer would be:
7*3is 7 3s, and 7*5is 7 5s, and 9*3 is 9 3s. So 7*5 means that 7 2s is addeal h8st Re

counted in tens this will increashe B1 tens with B4 tens to B5 tens. Likewise, 9*3 means that

2 3sis added otop of 7 3s. Re&ounted in tens this will increase thB12tens with 86 tens to B7
tens.

Adding 2 to both numbers means adding additional 2 2edReted in tens thisiWincrease the
2B1 tens with B4 tens and B6 tens and additionaB3 tens to 85 tens.

Counting 7 as 9 less 2, and 3 as 5 less 2, will decrease the 9 5s with 2 5s and 2 9s. Only now we
must add the 2 2s that was removed twice, s9){®-2) = 9*5- 9*2 - 2*5 + 2*2 as shown on a
western ten by ten abacus as a 9 by 5 block. This roots the algebraic fainbli(€C 7 d) = a*c1

a*d 1 b*c + b*d.

Figure 14. An abacus shows that 7*3 =29(5-2) = 9*5 - 9*2 - 2*5 + 2*2.

Later follows a discussion on solving equations (pp22p In a firstgrade class working with
block-numbers with the bundle as the unit, solving the equatien®B= 5 + 1,the geometrical
answer would be: to the left we have a blockB® s, and to the right we have a block &15s.
Removing 3 bundles and 1 single from both, we get 8 R&counting 8 in 2s we get 2= 8 =
(8/2)*2, sox = 8/2 = 4.

The algebraic answevould be similar: to the left we have 3 bundles inside and 9 singles outside
the bundlecup, and to the right we have 5 bundles inside and 1 single outside. Removing 3 bundles
from the inside and 1 single from the outside, we get 8 R&counting 8 in2s we get 2x=8 =
(8/2)*2, sox = 8/2 = 4.
Using blocknumbers instead of lineumbers thus allows introducing algebra before arithmetic
since with the re&count formula, counting and-eunting and doubteounting precede addition.
Conclusion andRecommendation
Among the many research articles on counting and arithmetic, only few deal withnbliotders
(Zybartas and Tarp, 2005). Dienes (2002), the inventor of Make blocks, has similar ideas when
saying (p. 1):
The position of the written ditg in a written number tells us whether they are counting
singles or tens or hundreds or higher powers. (..) My contention has been, that in order to
fully understand how the system works, we have to understand the concept of power. (..) In

school, when gung children learn how to write numbers, they use the base ten exclusively
and they only use the exponents zero and one (hamely denoting units and tens), since for
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some time they do not go beyond two digit numbers. So neither the base nor the exponent are
varied, and it is a small wonder that children have trouble in understanding the place value
convention.

Instead of talking about bases and higher powers, working withbiandles and bundles of

bundl es wi l | avoid that adreeivtare re dtbhe Blyase en org
existence and bases as essence, bloskmb er s di f f e r -bdse btooks that seemecss 6 mu
have sebased mathematics as the goal, and blocks as a means.

Set, however, changed mathematics fromabotio;m Gr e g-katb Masd i n-t o t oda)
referringtopd o wn -tmé i a m6, a rmmaxttiucrsed owi téhmectdawrc e pt s d
instead of bottoru p, an dnad matmbe wi t h st atements true i n:¢
classrooms where adding numbers withoutunidds + 3 | S 5éxampleseas Zveekso u nt ¢
+ 3days is 17 days; in contrast-countedasBis3 = 66

So, mathematics is not hard by nature but by choice. And yes, a different way exists to its outside
goal, master of Many. Sitill, it teaches lireaumbers as essence to be added without units and
without being first bundikeounted and reounted and doubleounted. By neglecting the existence

of block-numbers and reounting, it misses the golden learning opportasifrom introducing

formulas, proportionality, calculus and equations in early childhood education through its grounded
alternative, Manymatics.

Consequentl vy, | e-timemsonahMiotkt wmiee régy oardddin@Bmsional 6 b a d ¢
ineenumber s and O6evil 6 f r ac tcountars refountandmoubl€olnt 8 b )
before adding oiop and nexto. Let us use full sentences abbow to count and (re)unite totals.

And, let differenceresearch use sociological imagination to design a diversity of roloracula

(Tarp, 2017)totestif Mangnat i cs makes a difference by ful fi
dream.

Let existence prexle essence in mathematics education also. So, think things.
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23. Good, Bad & Evil Mathematics - Tales of Totals, Numbers & Fractions
Introduction

Research in mathematics education has grown since the first International Congress on Mathematics
Education in 1969Yet, despite increased research and funding, decreasing Swedish PISA result
made OECD (2015) write the report o6l mproving

6in need of wurgent change (. .) witeVingther e t han
baseline Level 2 in mathematics at which students begin to demonstrate competencies to actively
participate in |ife.0o (p. 3).

This may prove that, by its very nature, mathematics is indeed hard to learn. On the other hand,
since mathematics edua is a social institution, social theory may provide a different reason.

Social Theory Looking at Mathematics Education

Mills (1959) describes imagination as the core of sociology. Bauman (1990) agrees by saying that
soci ol ogi cal t bléagadnithe gorld hitreemodepressivefin ite apparent fixity; it
shows it as a world which could be different

Mat hemati cs education is an example of oOratio
and the adrs concentrate their thoughts and efforts on selecting such means to the end as promise
to be most effective and economical (p. 79)606.

The ideal model of action subjected to rationality as the supreme criterion contains an
inherent danger of anothdeviation from that purposehe danger of scalledgoal
displacement (..) The survival of the organization, however useless it may have become in
the light of its original end, becomes the purpose in its own right. (p. 84)

Saying that the goal of nfagmatics education is to learn mathematics is one such goal
displacement, made meaningless by its-saftrence.

So, inspired by sociology we can ask the 6Cin
there is a different way tothe godlo mat hemati ¢cs education, master

In short, could there be different kinds of mathematics? And could it be that among them, one is
good, and one is bad, and one is evil? In other words, how well defined is mathematics after all?

In ancient Greecehe Pythagoreans used mathematics, meaning knowledge in Greek, as a common
label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself, in space, in timetjmedaind

space. Together they form the o6quadriviumd re
with o6triviumé consisting of grammar, |l ogic a

With astronomy and music as independent knowledge areas, today mathshwtidse a
common label for the two remaining activities, geometry and algebra, both rooted in the physical

fact Many through their original meani ngs, ot
And in Europe, Germanic countries taught coupnaand reckoning in primary school and arithmetic

and geometry in the | ower secondary s€hool un
matics6 rooted in Many was replaced by the ON
Here the invention of the concept Set creat&g¢th a s ed-médmetca 6 as a -col | ec
provent6 st at ednefnitrse d® oawudn devegtd i ndadwe meman-towdelf |

reference, i.e. defining concepts tdpwn as examples of abstractions instead of bettpras
abstractions fsm examples. And by looking at the set of sets not belonging to itself, Russell
showed thatself ef er ence | eads to the classical i ar
true and true if falsdf M =1 Ab Al Aii thenMi MU MI M.

The ZermeloFraenkel Settheory avoids selfeference by not distinguishing between sets and
elements, thus becoming meaningless by not separating concrete examples from abstract concepts.

72



I n this way, Set transf or medr gfreruradmdg | Gradth e ma

mixture of metamat i ¢ s amat i6smad@ hter ue i nside but sel dom
adding numbers without u-exampkes as 8weak®+ 3days3s 1V dayss 6
in contrast to 62*3 =-efeboudettastoilsng t hat 2 3s ca

Good and Bad and Evil Mathematics

The existence of three different versions of mathematics, 1matics and metaatics and mathe
matism, allows formulating the following definitions:

Good mathematics is absolute truths about thingged in the outside world. An examplelis
2*3 = 6 stating that a total of 2 3s can beoainted as 6 1s. So good mathematics is tales about
totals, and how to count and unite them.

Bad mathematics is relative truths about things rooted in the outsidid An example is claiming
that 2+3 = 5, only valid if the units are the same, else meeting contradictions as 2weeks + 3days =
17days. So bad mathematics is tales about numbers without units.

Evil mathematics talks about something existing only insldesrooms. An example is claiming

that fractions are numbers, and that they can be added without units as claiming that 1/2 + 2/3 = 7/6
even if 1 red of 2 apples plus 2 reds of 3apples total 3reds of 5 apples and not 7reds of 6apples. So
bad mathematicsitales about fractions as numbers.

Difference Research Looking at Mathematics Education

Inspired by the ancient Greek sophists (Russell, 1945), wanting to avoid being patronized by
choices present ed esse amrathdr 6,5 EiFfaaéntecmakingad or hi
difference. So, to avoid a goal displacement in mathematics education, diffezsaaech asks the
grounded theory question: How will mathematics look like if grounded in its outside root, Many?

To answer we allow Many to open its@f us. So, we now return to the original Greek meaning of
mathematics as knowledge about Many by itself and in time and space; and use Grounded Theory
(Glaser & Strauss, 1967), lifting Piagetian knowledge acquisition (Piaget, 1969) from a personal to
a ocial level, to allow Many create its own categories and properties.

Meeting Many Cr dadrefsd dai ndgCho uCwutr ri cul um

Meeting Many, we ask O6How many in Total?6 To
numberlanguage sentenceB= 2 3s containing a subject and a verb and a predicate as in a word
language sentence.

Rearranging many 1s in 1 icon with as many strokes as it represents (four strokesaarthéwé
in the 5icon, etc.) creates icons to use as units when counting:
I Il I [ [ I [ L 1

lfo - g - B =—d L
[ A H s Qe e s

1 2 3 4 5 6 7 8 9
Figure 1. Digits as icons containing as many sticks as they represent

We count in bundles to be stacked as bundiembers or blockhumbers, which can be-wunted
and doublecounted and processed by-tmp and nexto addition, direct or reversed.

To count a totall we take away bundlédthus rooting and iconizing division as a broom wiping

away the bundles. Stacking the bundiests and iconizes multiplication as a lift stacking the

bundles into a block. Moving the stack away to look for unbundled singles roots and iconizes
subtraction as a trace left when dragging the block away. A calculator predicts the counting result

by ecodurnt fTe(TBBsaaby i ng (ThrBtimef)Bcraoom be t aken away

7/3 gives 2.some, andi72x3 gives 1, s@ = 7 = B1 3s.
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Placing the unbundled singles néator ontop of the stack of 3s roots decimals and fractions:

o

T=7= 23s&1= 2B13s = 2.1 3s = 21/33s
Figure 2. Recounting a total of 7 in 3s, the unbundled single can be placed in three different ways

A total counted in iconsam be recounted in tens, which roots multiplication tables; or a total
counted in tens can be-ceunted in iconsl = 42 = ? 7s 2*7, which roots equations.

Doublecounting in physical uniteoots proportionality by penumbers as 3$/4kg bridging the

units. Pemumbers become fractions if the units are the same. Singrupdyers and fractions are

not numbers but operators needing a number to become a number, they add by their areas, thus
roating integral calculus.

Once counted, totals can be addedamatfter being reounted in the same unit, thus rooting
proportionality; or nexto as areas, thus rooting integral calculus. And bottoprand nexto
addition can be reversed, thus rootegations, and differential calculus:

T=23s+ ?4s =5 7s gives differentiation: ? = (6°2*3)/4 =DT/4

In a rectangle halved by a diagonal, mutuatoenting of the sides creates the-pgmberssing
cosineandtangent Traveling in a coordinateystem, distances add directly when parallel, and by

their squares when perpendicular-&inting they-change in the-change creates change

formul as, algebraically predicting geometrica
algebra,always o get her, never apartoéo principle.

Predictable change roots pralculus (if constant) and calculus (if variable). Unpredictable change
roots st atdiicttioc mutmbedpo bty a mean and a-ddtevi at
a confidence iterval for numbers we else cannot-oliet.

A Short Version of a Curriculum in Good Mathematics, Grounded Many-matics
0l1. To stress the i mportance of bundling, the
02. The ten fingers should beunted also as 13 7s, 20 5s, 22 4s, 31 3s, 101 3s, 5 2s, and 1010 2s.

03. A Total of five fingers should be-mwunted in three ways (standard, and with osed
underload)T = 2B1 5s = B3 5s = B-1 5s = 3 bundles less 1 5s.

04. Multiplication tablesisould be formulated as4@unting from icorbundles to tens and use
overload counting after F:= 4 7s = 4*7 = 4*(ten less 3) = 40 less 12 = 30 less 2 = 28.

05. Dividing by 7 should be formulated asa®unting from tens to 7s and use overload counting:
T=336/7=386/7=28B56/7=88=48

06. Solving proportional equations ax3*12 should be formulated aseeunting from tens to 3s:
3*x=12=(12/3)*3givingk= 12/ 3 il lustrating the relevance

07. Propational tasks should be done byaeunting in the penumber: With 3$/4kgT = 20kg =
(20/4)*4kg = (20/4)*3% = 15%; an@l = 18% = (18/3)*3% = (18/3)*4kg = 24 kg

08. Fractions and percentages should be seen-asipdrers coming from doubounting in the

same unit, 2/3 = 23$/3%. So 2/3 of 60 = 2$/3% of 60%, so T = 60% = (60/3)*3$ gives (60/3)*2% = 40$

09. Integral should precede differential calculus and include adding both piecewise and locally
constant penumbers: 2kg at 3$/kg + 4kg at 5$/kg = (2+4)k§243+4*5)$/(2+4)kg thus showing
that pernumbers and fractions are added with their units as the area under-thereEr graph.

10. Trigonometry should precede plane and coordinate geometry to show how, in a box halved by
its diagonal, the sides can tmitually recounted as e.@ = (a/c)*c = sinA*c.
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Good and Bad Mathematics

Todayds tradition begi nsnumbers$, procassed bylioorddsic c t el |
operations, later extended with negative numbers and rational numbers and reel ndilgblera

then repeats it all with letters instead. Geometry begins with plane geometry followed by coordinate
geometry and trigonometry later. Functions are specigirselucts, and differential calculus

precedes integral calculus.

In general, we see nt@matics as truths about welkkfined concepts. So we begin by discussing
what can be meant by good and bad concepts.

Good and Bad Concepts

As an example, let us look at a core concept in mathematics, a calculation. To differentiate between
y=2*3andy=2*x, around 1750 Euler defined the conce
unspecified numbers. Later, around 1900bseted mathematics defined a function as an example

of a setproduct where first component identity implies second componentitigle

So where the former is a bottemp definition of a concept as an abstraction from examples, the
latter is a topdown definition of a concept as an example of an abstraction.

Since examples are in the world and since Russell warned that by-tsfesdhce the setoncept
is meaningless, we can label bottoim and topdown definitions good and bad concepts
respectively.

Good and Bad Numbers

Good numbers should reflect that our nuralamguage describes a total as counted in bundles and
expressinghe result in a full sentence with subject and verb and predicate as in thiangudge,

as e.gT = 2 3s. These are the numbers that children bring to schoetlitmensional block

numbers that contain three different numbey p e s :-n uambdeurrd t$ 0z e t-rhnamiddud d |
and a -néusnbregrlée f or the number of bundles and wun
bundle form or in decimaform with a unit where a bundI® or a decimal point separates the

inside bundles from the outside singlas e.g. T =B tens = 3.2 tens.

Good numbers are flexible to allow a total to be&oented in a different unit; or in the same unit to
create an overload or underload to make calculations easier, as e.B2Ten8 = B12 tens = B-

8 tens. Goodumbers are shown in two ways: an algebraic with bundles, and a geometrical with

bl ocks. Good numbers also tell that el even an
6two | eftéo.

Bad numbers do not r e-dirpeasiohal blokreimberk bylinsistirgond s o wn
onedimensional linenumbers be introduced as names along a line without practicing bundling.
Numbers follow a place value system with different places for the ones, tens, hundreds, and
thousands; but seldom renaming them as kasnéundle of bundles, and bundles of bundles of

bundles.

Good and Bad Counting

A good counting sequence includes bBlrett es i n
or OBundlel, 82, etc. Another sequence respects the nearness of a byrsdigilg B6, 1Bless3,
1B-2, etc.

Good counting lets counting andeeunting and doubleounting precede addition; and allows the
re-count formula to predict the counthngsult; and it presents the symbols for division,
multiplication and subtraction asons coming from the counting process, thus introducing the
operations in the opposite order.

Bad counting neglects the different forms of counting by going directly to adding, thus not
respecting that totals must be counted before they can be added.
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Bad counting treats numbers as hames thus hiding their bundle nature by a place value system. This
| eads some ttoencdo uinnts toetawde notfy 6t hi rtyd, and t o c

Good and Bad Addition

Good addition waits until after totals have been caliated recounted in the same and in a
different unit, to and from tens, and doubleunted in two units to create peumbers bridging the
units. Likewise, good addition respects its two formstamrooting proportionality since changing
the units mighbe need; and nexb rooting integral calculus by being added by the areas.

Bad addition claims it priority as the fundamental operation defining the others: multiplication as
repeated addition, and subtraction and division as reversed addition andicatifip! It insists on

being the first operation being taught. Numbers must be counted in tens. Therefore there is no need
to change or mention the unit; nor is there a need to addmasttwenties.

Bad addition does not respect that in blockmbers a3 = 2B3 4s, the three digits add differently.
Unit-numbers, as 4, only add if adding néxt Bundlenumbers, as 2, only add if the units are the
same; else reounting must make them so. Singlembers, as 3, always add, but might be re
counted becausd an overload.

Good and Bad Subtraction

Good subtraction sees its sign as iconizing the trace left when dragging away a stack to look for
unbundled singles, thus leading on to division as repeated subtraction moving bundles away. It does
not mind taking to much away and leaving an underload, a8 -31B5 = 2B-3.

Bad subtraction sees its sign as a mere symbo
mind subtracting numbers without units.

Good and Bad Multiplication

Good multiplication sees iwgn as iconizing a lift stacking bundles. It sees 5*7 as a block of 5 7s
that may or may not be+@unted in tens as 3.5 tens or 35; and that has the width 7 and the height 5
that, if recounted in tens, must widen it width and consequently shortexgtg.nrhus, it always

sees the last factor as the unit.

Good multiplication uses flexible numbers whercoainting in tens by multiplying, as e.p= 6*8
= 6*(ten-2) = (tend)*8 = (tend)*(ten-2). This allows reducing the ten by ten multiplication table
a five by five table.

Bad multiplication sees its sign as a mere symbol; and insists that all blocks musbhates! in
tens by saying that 5*7 IS 35. It insists that multiplication tables must be learned by heart.

Good and Bad Division

Good divisionsees its sign as iconizing a broom wiping away the 2Zs518/2. It sees 8/2 as 8
counted in 2s; and it finds it natural to be the first operation since when counting, bundling by
division comes before stacking by multiplication and removing stackstyastion to look for
unbundled singles.

Bad division sees its sign as a mere symbol; and teaches that 8/2 means 8 split between 2 instead of
8 counted in 2s. Bad division accepts to be last by saying that division is reversed multiplication;
and insistshat fractions cannot be introduced until after division.

Good and Bad Calculations
Good calculations use the-ceunt formula to allow a calculator to predict countregults.

Bad calculations insist on using carrying so that the result comes out vatresigads or
underloads.
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Good and Bad Proportionality

Good proportionality is introduced in grade 1 asoenting in another unit predicted by the re
count formula. It is réentroduced when adding blocks-top; and when doubleounting in two
units to ceate a penumber bridging the units by becoming a proportionality factor.

Bad proportionality is introduced in secondary school as an example of multiplicative thinking or of
a linear function.

Good and Bad Equations

Good equations see equations as e calculations applying the opposite operations on the
opposite side thus using the d6édopposite side a
opposite operations-8 is the numbex that added to 3 gives 8; thusi#3 = 8 therx = 8-3.

Likewise with the other operations.

Good equations sees equations as rootedaouating from tens to icons, as e.g. 40 = ? 8s, leading
to an equation solved by-pounting 40 in 8sx*8 = 40 = (40/8)*8, thux = 40/8 = 5.

Bad equations insist that the gpodefinition of abstract algebra be used fully or partwise when

solving an equation. It thus sees an equation as an open statement expressing identity between two
numbernames. The statements are transformed by identical operations aiming at neuttadizing t
numbers next to the unknown by applying commutative and associative laws.

2*x=8 an open statement about the identity of two nurmiagnes
(2*x)*(1/2) = 8*(1/2) %, the inverse element of 2, is multiplied to both names
(x*2)*(1/12) =4 sincemultiplication is commutative

x*(2*(1/2)) =4 since multiplication is associative

X1 =4 by definition of an inverse element

xX=4 by definition of a neutral element

Figure 3. Solving an equation using the formal group definition fabstract algebra
Good and Bad Prealculus

Good precalculus shows that the numbdermula, T = 345 = 3 BB + 4*B + 5*1 = 3*x"2 + 4*x + 5,

has as special cases the formulas for constant linear, exponential, elastic, or accelerated dhange:

= b*x+c, T = a*n”x, T = a*x"n,andT =a*x"2+b*x+c. |t uses Oparallel wo
and | ogar-iitmade ©d& amaubnrtdéd raéc t aolrs o . I't introduces
problems adding piecewise constant-pembers, as e.g. 2kg at &§ plus 4kg at 5%/kg. It includes
modeling examples from STEM areas (Science, Technology, Engineering, Mathematics)

Bad precalculus introduces linear and exponential functions as examples of a homomorphism
satisfying the condition x¢y) = f(x)$f(y). It includes modeling from classical word problems only.

Good and Bad Calculus

Good calculus begins with primary school calculus, adding two blockgmesich other. It also
includes middle school calculus adding piecewise constasiymbers, to be carriezh as high
school calculus adding locally constant-pembers.

It motivates the epsiledelta definition of constancy as a way to formalize the three forms of
constancy: global, piecewise and locally. It shows series with single changes and totad change
calculated to realize that many single changes sum up as one single change, calculated as the
difference between the enand starvalues since all the middle terms disappear.

This motivates the introduction of differential calculus as the abilitgwrite a blockh*dx as a
differencedy, dy/dx = hand where the changes of block with sides f and g leads on to the

77



fundament al formul a of di fferenti al cal cul us,
(x”*n)o6 - n*x~(n

Bad calculus imbduces differential calculus before integral calculus that is defined as anti
differentiation where the area undeis a primitive toh; and it introduces the epsilatelta criterion
without grounding it in different kinds of constancy.

Good and Bad Modang

Good modeling is quantitative literature or numbtaries coming in three genres as in word
stories: Fact, fiction and fiddle. Fact and fiction are stories about factual and fictional things and

actions. Fiddle is nordendatl|ilketdoTlei sfsémtl sar
Fact model s, -tahen6 caoarl | Gerdo oG nmoedel s, quanti fy
guantities: fAWhat is the area of the walls in
factmodelx an be trusted. Fi @&thiecmr® mad &lrsa,t eadl sno ded Is

but predict unpredictable quantities: AMy deb
based upon assumptions and produce fictional numbers to dersepped with parallel scenarios
based on alternative assumpwhain&.ofri @ddil £k inomde
gualities that cannot be quantified: Als the
models should be rejasd asking for a word description instead of a number description. (Tarp,

2017).

Bad modeling does not distinguish between the three genres but sees all models as approximations.
Good and Bad Geometry

Good geometry lets trigopnometry precede plane georttetys integrated with coordinate
geometry to let algebra and geometry go hand in hand to allow formulas predict geometrical
intersection points.

Bad geometry lets plane geometry precede coordinate geometry that precedes trigonometry.
Evil Mathematics

Evil mathematics talks about something existing only inside classrooms. Fractions as numbers and
adding fractions without units are two examples. The tradition presents fractions as rational
numbers, defined as equivalence classes in a set product cre#ttecelyivalence relation R,

where @,b) R (c,d) if a*d = b*c.

Grounded in doubleounting in two units, fractions are peambers doubleounted in the same

unit, as e.g. 3% per 5% or 3 per 5 or 3/5. Both are operators needing a number to become. a number
Both must be multiplied to unitumbers before adding, i.e. they add by their areas as in integral
calculus.

Shortening or enlarging fractions is not evil
since they deal with operator algebra eetdappearing outside classrooms. They deal witoteting
numbers by adding or removing common units: to shorten, 4/6 Hogsueted as 2 2s over 3 2s giving
2/3. To be enlarged, both take on the same unit so that 2/3 = 2 4s over 3 4s = 8/12.

Educatingteachers, it is evil to silence the choices made in mathematics education. Instead, teachers
should be informed about the available alternatives without hiding them in an orthodox tradition.
Especially the difference between good and bad mathematicsldi@phrt of a teacher education.

Good and Bad Education

When children become teenagers, their identit
good education sees its goal as allowing teenagers to uncover end develop their personal talent
through aily lessons in selthosen practical or theoretical hgkar blocks with teachers having

only one subje¢tand praising the students for their talent or for their courage to try out something
unknown.
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Bad education sees its goal as selecting theshedents for offices in the private or public sector. It
uses fixed classes forcing teenagers to follow theirgagap despite the biological fact that girls
are two years ahead in mental development.

Good and Bad Research

Good research searches for trabout things that exist. It poses a question and ck@ose
methodology to transform reliable data into valid statements. Or it uses methodical skepticism to
unmask choice masked as nature.

Bad research is e.g. master level work applying instead of gui@stiexisting research. Or
journalism describing something without being guided by a question.

With these three research genres, peelew only works inside the same genre.
Conclusion and Recommendation

This paper used differengesearch to look for dérent ways to the outside goal of mathematics
education, mastery of Many. By meeting Many outside the presemesalfing sefased tradition

three ways were found, a good, and a bad, and an evil. Good mathematics respects the original tasks
in Algebraand Geometry, to reunite Many and to measure earth. By identifying a hidden alternative,
good mathematics creates a paradigm shift (Kuhn, 1962) that opens up a vast field for new research
seeing mathematics as a mangtics, i.e. as a natural science aldany (cf. Tarp, 2018).

In short, we need to examine what happens if we allow children to keep and develop the
guantitative competence they bring to school,-tlhmensional blockhumbers to be recounted and
doublecounted before being added-twp or nex-to; and reported with full numbdanguage
sentences including both a subject that exists, and a verb, and a predicate that may be different.
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24. Good, Bad & Evil Mathematics - Tales of Totals, Numbers & Fractions, PPP

Allan.Tarp

Curriculum Architect at the WEB-based MATHeCADEMY.net
Teaching Teachers to Teach Mathe-Matics as SXF MANY-Math

Improving Schools in

Problem: Poor PISA Performance s Y
& Poor Research Results after 50 years

UVM/Filer/Udd/Folke/PDF13/Dec/131203%20PISA%20Resultatnotat.pdf

Figur 2. Udvikling i matematikresultaterne i nordiske lande (2000-2012).
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Is it Really Math we Teach?
MATH=CADEMY.net : Math as MANYmath - a Natural Science about MANY Can Math be Different?

81



Solution in a Nutshell:
From BAD to GOOD Math

1)
2)
3)

4)
5)

6)

All teach numbers. Don’t. Tell tales about how Totals unite and change
All use 1D line-numbers. Don’t. Use 2D block-numbers

All begin with addition. Don’t. Begin with counting and division,
multiplication and subtraction before adding next-to and on-top

All add fractions without units. Don’t. Use units as in integral calculus
All include only the predicate (3*5). Don’t. Use full language sentences
with a subject, a verb and a predicate (T = 3*5) o
All call it MatheMatics. Don’t. It is MetaMatism, derived from
SET, and falsified by e.g. 2+3 is 17 and not 5 in the case of
weeks and days. Real MatheMatics is rooted in MANY.

One Definition of Mathematics

Pythagoras: mathematics, meaning knowledge, § [
aﬁt .
is a common label for 4 areas describing Many geo% ’ 4

music
astronomv" 4’

by itself and in space & time. |
Together they formed the ‘quadrivium’ recommended by Plato as a general

curriculum after the ‘trivium’ consisting of grammar & logic & rhetoric.

Grounded in Many | Geometry means to measure earth in Greek

as shown by names: | Algebra means to reunite numbers in Arabic
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Another Definition of Mathematics

Around 1900, SET made mathematics self-referring.

However, Russell said: Self-reference leads to the classica
paradox ‘this sentence is false’, being false if true & opposite.

Let M be the set of sets not belonging to itself, M = 1A |AgA .
Then Me M < MgM. Forget about sets. Use type theory instead.
So, by self-reference, fractions cannot be numbers.
Mathematics: Forget about Russell, he is not a mathematician.
Of course fractions are numbers, they are rational numbers.

eCADEMY.net : Math as MANYmath - a Natural Science about M#2

Two Different Mathematics

' The Ruling Set-based Top-Down Meta-matics from above
* Mathematics exists by itself as a collection of well-proven statements about well-defined concepts
* Concepts are defined from above as examples from abstractions

* Mathematics has many applications; and of course it must be taught and learned before it can be applied

a FUNCTION is an example of a set relation where componentl-identity implies component2-identity

' The Silenced Many-based Bottom-Up Many-matics from below

* Many exists all over the outside world, that schools prepare children and teenagers and adults for
* Concepts are defined from below as abstractions from examples

+ Mathematics has many roots; but teaching it before applied is like teaching a grammar before its language
a FUNCTION is for example 2+x, but not 2+3; i.e. a name for a calculation with an unspecified number

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY
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How to Define Good & Bad &

Math:

Four Questions to Answer (please discuss)

This is true always never sometimes
2+3=5
2x3=6
1 2 3
2 3 5
1 2 7
— + —_——
2 3 6
Four Questions Answered
This is true always never sometimes
— X
2 + 3 - 5 Only with the same unit: 2weeks + 3days = 17days
_ X
2 x 3 =6 2%3is 2 3s Il I that exist and may be recountedas 6 1s 111111
1 2 3 X
E 5 = E . . . . . Depends on the units
1red of 2 apples + 2 of 3 apples is 3 of 5 apples, and not 7 of 6
1.2_7 X
2 3 - 6 Only if taken of the same total
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Defining Good & Bad & Mathematics

Good mathematics is absolute truths about outside existing things
* T=2%*3 =6 statingthat a total of 2 3s can be re-countedas 61s: Il lll = [IlIl]
* So good mathematics is tales about how to count and unite and change totals
Bad mathematics (‘mathe-matism’) is relative truths about outside existing things
* 243 =5, valid with like units, else falsified by e.g. 2weeks + 3days = 17days
* So bad mathematics is tales about numbers without units
is about what exists only inside classrooms

*« 1/2+2/3=7/6, but 1red of 2 + 2reds of 3 = 3reds of 5, and not 7reds of 6
* So bad mathematics is tales about fractions as numbers.

Fractions are not numbers, but operators, needing numbers to become numbers.

Today’s BAD MatheMatics = MetaMatism = MetaMatics + MatheMatism
What is GOOD MatheMatics = ManyMatics?

MATHeCADEMY.net : Math as MANYmath - a Natural Science about M2 9

ence ab VIAN

Difference-Research finds Differences
making a Difference, inspired by

Philosopy

* The ancient Greek sophists: To unmask choice masked as nature, find a difference

* In existentialism, Sartre said: EXISTENCE precedes ESSENCE

* Heidegger said: In a sentence, the SUBJECT exists, the PREDICATE is essence that can be differe

Sociology (Bauman)

* Sociological imagination “renders flexible again the world hitherto oppressive in its apparent fixity; it shows it
as a world which could be different from what it is now. “

* Goal Displacements: “The survival of the organization, however useless it may have become in the light of its
original end, becomes the purpose in its own right.”

Psychology

* Don’t teach about subjects, bring them to class to allow ‘greifen vor begreifen’ (Piaget, not Vygotsky)

So let us meet the existing subject MANY directly & outside its ‘essence-prison’
so MANY can create its own categories using Grounded Theory
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Our Two Language Houses

The WORD language assigns words in sentences with a subject, a verb, and a predicate.
The NUMBER language assigns numbers instead with a subject, a verb, and a predicate.
Both languages have a meta-language, a grammar, describing the language, describing the world.

The meta-language is about the language, so we should teach and learn language before grammar.
This is the case with the word-language only, since SET-math is a grammar of the number-language.
Mixing language levels creates nonsense: ‘The verb smiles” & ‘The function increases’.

WORD language NUMBER language

Meta-language, grammar ‘is"is a verb “*’is an operation
Language| This is a chair T=3*4
WORLD
g

Children see Many as Bundles with

Asked ‘How old next time?’, a 3year-ol
4, but reacts when held together 2 by 2:

‘That is not 4, that is 2 2s’.

Seeing bundles as units, children use 2D LEGO-

like block-numbers, not 1D line-numbers, taught
in school, even if 2D Arabic block-numbers T=1 4 3 2
replaced 1D Roman line-numbers centuries ago.  T= MCCCCXXXII
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Many as lcons: |11 = HH > I—I

Meeting Many, we ask: “How Many in Total?”

To answer, we Math ... oops sorry, it’s a label, not an action word.

To answer, first we count, then we add. We name and iconize the
degrees of Many until ten, that as 1 bundle has no icon or digit itself.
* Thus there are four sticks in a 4-icon, five in a 5-icon, etc.

one two three four five six seven  eight nine
I Il 1] 11 11 il i i i
I R | —
| | —
1 2 3 4 5 6 7 8 9
A ADEM : Math as M. A 13

Cup- or BundleCounting in Icons: 9 = ? 4s

e
O=111111ETE = HH HH L ={p|l =2B14s=2.14s
To count, we bundle & use a bundle-cup with 1 stick per bundle. ;
We report with bundle-writing or decimal-writing where the e
decimal point separates inside bundles from outside single leftovers.
Shown on a western IKEA ABACUS, letting geometry & algebra go together.
Geometry/space mode or Algebra/time mode

14
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AWNAIBHIVIN

The UnBundled become Decimals or Fractions
0.3 5s or 3/5

When counting by bundling and stacking,
the unbundled single leftovers can be placed

NextTo the stack OnTop of the stack
counted as a stack of 1s counted as a bundle
T=2B355s=2.35s T=2 3/5 5s

A decimal number A fraction

Counting Sequences

)

We may include bundling if saying ‘OBundle3’ or ‘03’ instead of plain ‘3
*‘0Bundlel, 0B2, 0B3, ..., 0Bg, 0B9, 1B0, 1B1, 1B2, ... tens, or

* ‘01,02, ..., 1Bundle less 2, 1B-1, 1BO, 1B1(1left), 1B2, ... tens

* 2B0 5s HH HH
*2B24s HHHH || *
*3B13s HHiHiHI or1BB1 3s HHHHH I

Counting fingers gives 1BO0 tens, or ﬂ
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Operations as Icons

* To count 7 in 3s we take away 3 many times, iconized by an
uphill stroke, 7/3, showing the broom wiping away the 3s. ..

7/3

7-23 1| Stacking the bundlesis iconized as a lift, 2x3.

2.some | » A calculator predicts: 3 can be taken away 2 times.

* To look for unbundled singles, we drag away the stack ~ 2
of 2 3s, iconized by a horizontal trace: 7 —2x3 = 1. o

More Operations as Icons

* To bundle bundles also, power is iconized as a cap, 52,
showing the number of times bundles are bundled.
* Counting a Total gives a BundleFormula, a polynomial:
T = 432 = 4*BundleBundle + 3*Bundle + 2*1 = 4*B"2 + 3*BA1 + 2*B"0
* Addition is a cross + showing blocks placed
on-top of

4 55 & 2 3s added NextTo»

4 5s & 2 3s added OnTop'

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY 18
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7/3 2.some
The ReCount Formula 7_9%3 1

Predicting T =7 = 2.1 3s, the NS il VIEMEN V) k-

saying ‘from T, T/B times, B can be taken away/, is all over:

Proportionality |y =k * x

Linearity Ay = (Ay/Ax) * Ax =m * Ax /‘
Local linearity  |dy = (dy/dx) * dx =y’ * dx ay

Trigonometry a=(a/b) *b=tanA* b Ax

Trade S =(S/kg) * kg = price * kg u a
Science

meter = (meter/second) * second i b
= velocity * second

ReCounting in the Same Unit gives Flexible Totals

A total can be counted in 3 ways: Normal Overload Underload
- S ——
T=7=1111111= I IIII IE
Or, when counting in tens 2B13s = 1B43s = 3B-23s

T=37=3B7 tens = 2B17 tens = 4B-3 tens -j

BundleWriting and flexible totals may cure Math Dislike in classes stuck in Division:

@®® T=336/7 = 33B6/7 = 28B56/7 = 4B8 = 48 © O ©
Likewise with | Multiplication T=7*48=7*4B8 = 28B56=233B6=336
Subtraction T=53-29=5B3-2B9=3B-6=2B4=24
Addition T=53+29=5B3+2B9=7B12=8B2 =82

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY 20
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ReCounting in a Different Unit creates
Proportionality & Multiplication & Equations

ReCounting in different units changes units (Proportionality) | 4*5 - 3*6

4*5/6  3.some

2

* T=45s =7 6s. A calculator predicts with ReCount-formula: T= 3.2 6s
ReCounting from icons to tens gives Multiplication

* T=57s=7tens=5%7=35=35 tens, predicted by multiplication
So multiplication is a special form of division
ReCounting from tens to icons creates Equations solved by recounting

* T=?7s=42=(42/7)*7 with the solution ? =42/7 = 6.
An equation is solved by moving to Opposite Side with Opposite Sign

u =42/7=

u*7 =42 = (42/7)*7

6

Solving Equations by ReCounting, we may
bracket Group Theory from Abstract Algebra

O OO &

ManyMath
2xu=8=(8/2)x2 |Solved by re-counting 8 in 2s
u=8/2=4 Move: Opposite Side & Sign

SetMath (Don’t test, but do remember bi-implication arrows)

2Xxu=8

Multiplication has 1 as its neutral element, and 2 has }zas its inverse element

(2xu)x (%) =8x (%)

Multiplying 2’s inverse element % to both number-names

(ux2)x(¥%)=4

Applying the commutative law to u x 2; 4 is the short number-name for 8 x /4

ux(2x(%)) =4

Applying the associative law

uxl=4

Applying the definition of an inverse element

u=4

Applying the definition of a neutral element. With arrows a testis not needed.
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ReCounting Simplifies e
Multiplication Tables '

Geometry: Multiplication means that, recounted in tens, a block increases its
width and therefore must decrease its height to keep the total unchanged.

Thus T =3*7 means 3 7s that may be recounted in tensas T = 2.1 tens = 21.

Algebra: The full ten-by-ten table can be reduced using that 6 is Bundle less
4,7 is Bundle less 3, etc. This roots Early Algebra.

T=26s=2%6=2%B-4)=2B-8 = 2B-(1B-2) = 1B--2 = 1B+2 = 1B2 = 12
T=47s=4*7 =4*B-3)=4B—1B2 = 3B-2 = 2B8 =28
T=87s=8*7=(B-2)*(B-3)=BB—2B—3B +6=10B-2B—3B +6 = 5B6 = 56

DoubleCounting in 2 Units creates PerNumbers

Apples are double-counted in kg and in S.
With 4kg = 55 we have the per-number 4kg/5S = 4/5 kg/S
Questions:

12kg = ?$ 20$ = ?kg

12kg = (12/4)*akg | 20$ = (20/5)*5$
= (12/4)*5S% = (20/5)*4kg
= 15 = 16kg

Answer: Recount in the per-number
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DoubleCounting in the Same Unit creates Fractions

The same unit: 25 per 55 = 25/55=2/5

* Question: 2/5 = ? per 100; or 25/55 is ? per 1005
Answer: recount 100 in 5s!

100$ = (100/5)*5$ gives (100/5)*2$ = 403, so 2/5 = 40/100 = 40%
* Question: 2/5 of 40 = ?; or with units: 25 per 55 of 40 S.
Answer: recount 40 in 5s!

40$ = (40/5)*5S gives (40/5)*2$ = 16S, so 2/5 of 40 = 16

28 S5g

Trigonometry ReCounts Sides in a HalfBlock

Halved by its diagonal, a block becomes a right angled triangle
with three sides: the base b & the height a & the diagonalc,
creating trigonometry by mutual recounting.

a=(afc)*c=sinA*c

B
b=(b/c) *c=cosA *c P
a=(a/b)*b=tanA*b ]
%Circle = w = n*tan(180/n) for n large
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Once Counted & ReCounted, Totals can be Added

OnTop NextTo
45s+23s =45s+1B15s =5B15s 45s+23s=3B28s
The units are changed to be the same The areas are added
Change unit = Proportionality Adding areas = Integration

The 3 Numbers in a Total add Differently

From totals as T1 =2.34sand T2 = 3.4 5s we see that
a Total has 3 numbers that add differently:

The bundle-size, the bundle-number, the single-number.

* Bundle-sizes stay unchanged unless the blocks are
added next-to each other as in integration

* Bundle-numbers only add with like bundle-sizes.
* Singles always add.
Never add without units: Mars Climate Orbiter, planes?

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY
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Adding PerNumbers as Areas (Integration)

2kg at 3S/kg 1 $/kg
+4kg at 5S/kg
(2+4) kg at ? S/kg 5

3 4*5 S
Unit-numbers add on-top. 2%3 ¢

Per-numbers add next-to as areas
under the per-number graph. 0 2 6 kg

Primary & Middle & High School Calculus

Primary calculus: Next-to addition of ‘
block-numbers

Middle calculus: Add piecewise constant

per-numbers

High school calculus: Add locally constant f
(continuous) per-numbers
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Reversed Addition = Solving Equations

OpposSite Side with OppoSite Sign NextTo
2x?=8 =(8/2)x2|2+?=8 =(8-2)+2 23s+?755=3.28s

?=8/2 ?=8-2 ?=(3.28s-23s)/5
Solved by ReCounting Solved by ReStacking Solved by differentiation: (T-T1)/5 = AT/S
Hymn to Equations
Equations are the best we know, We change the sign and take away -
they are solved by isolation. and only x itself will stay.
But first, the bracket must be placed We just keep on moving, we never give up.
around multiplication. So feed us equations, we don’t want to stop!

The Algebra project: How to re-unite

Concrete Algebra: 4 ways we Unite, + * A |

as shown by the Bundle Formula
T = 456 = 4*BN2 + 5*BA1 + 6*BNO
Totals exist as changing or constant unit-numbers or per-numbers

* Addition & Multiplication unite changing & constant unit-numbers
* Subtraction & division split into changing & constant unit-numbers
* Integration & Power unite changing & constant per-numbers
* Differentiation & root/logarithm (factor finder/counter) split into changing & constant per-numbers

sonewsayielA jo Ayondwis ayyl

Operations unite / split into Changing Constant
Unit-numbers T=a+n T=a*n

m, s, S, kg T—a=n T/n=a
Per-numbers T=[adn T=a"n

m/s, $/kg, m/(100m) = % dT/dn = a log,T=n, "WIT=a
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The Algebra project: How to re-unite

Abstract Algebra: (re)Uniting Units

* Turning a block will change the unit
T=23s=2*3->T=325s=3%2,s0 T=2%3=3%2
(The Commutative law)

* A block may be split in two parts

T=35s=32s+33sor
T=3*%5=3%2+3)=3*%2 + 3*3

(The Distributive Law)

* A united unit as 6 that can be folded and fully stacked
- a prime unit as 3 cannot.

T=26s=2%2*%3) = (2*2)*3

(The Assaociative law)

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY

T = 456 = 4*B"2 +5*B + 6*1

Bundle Formula: 5 ways of Constant Change

The number-formula contains formulas for constant change:

*T=Db*x (proportional) trade
*T=b*x+c (linear) trends
*T=a*x"n (elastic) science
*T=a*n"x (exponential) economy
*T=a*x"2+b*x+c (accelerated) physics
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Two forms of NonConstant Change

Adding locally constant per-numbers means finding the area ,p
under the per-number graph as a sum of a large number of
thin area-strips. But, if written as changes, this reduces to
finding one total change since the middle terms cancel out.
Writing p*dx = dF, or p = dF/dx motivates differential calculus,
also useful to describe non-constant predictable change.

Unpredictable change roots statistics to ‘post-dict’” numbers
by a mean and a deviation to be used by probability to pre-dict
a confidence interval for numbers we else cannot predict.

Three forms of Constancy

A class is stuck in the epsilon-delta definition of continuity and differentiability. Here a
difference is to rename them to ‘local constancy’ and ‘local linearity’. As to constancy:

* y is globally constant c if for all positive numbers epsilon, the difference between y and c is

less than epsilon.

* y is piecewise constant c if an interval-width delta exists such that for all positive numbers

epsilon, the difference between y and c is less than epsilon, in this interval.

* yis locally constant c if for all positive numbers epsilon, an interval-width delta exists such

that the difference between y and c¢ is less than epsilon, in this interval.
Likewise, the change per-number Ay/Ax can be globally, piecewise or locally constant.

If locally constant , it is written as dy/dx, and y is called ‘locally linear”.
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Quantitative Literature or Modeling comes in
3 Genres also: Fact & Fiction & Fiddle

* Fact models or ‘since-then’ calculations use numbers and formulas to quantify
and to predict predictable quantities as e.g. ‘since the base is 4 and the height is
5, then the area of the rectangle is T = 4*5 = 20". Fact models can be trusted once
the numbers and the formulas and the calculation has been checked. Special care
must be shown with units to avoid adding meters and inches as in the case of the
failure of the 1999 Mars Climate Orbiter.

* Fiction models or ‘if-then’ calculations use numbers and formulas to quantify and
to predict unpredictable quantities as e.g. ‘if the unit-price is 4 and we buy 5,
then the total costis T = 4*5 = 20’. Fiction models build upon assumptions that
must be complemented with scenarios based upon alternative assumptions
before a choice is made.

* Fiddle models or ‘what-then’ models use numbers and formulas to quantify and
to predict unpredictable qualities as e.g. ‘since a graveyard is cheaper than a
hospital, then a bridge across the highway is too costly.” Fiddle models should be
rejected and relegated to a qualitative description.

How Different is the Difference?
SET Math versus MANY Math

SET Math Many Math
Goal/ Learn Mathematics / Learn to master Many /
Means Teach Mathematics Tales of Many as counted, united, changed
Digits Symbols like letters Icons with as many sticks as they represent

Line-numbers with place-value system | Block-numbers, stacking singles, bundles,

Numbers A . . .
Never with units bundle-bundles etc. Always with units

Number-types | Four types: Natural, Integers, Rational, Real | Positive & negative decimal numbers with units

Mapping from a set-product to the set. | Counting-icons: bundle /, stack x, remove -,

Operations . - . .

P Order: Add, subtract, multiply, divide unite on-top & next-to +). Opposite order
Division 8/2 means 8 splitin 2 8/2 means 8 split in (counted in) 2s
ReCount D t exist c .

PerNumber O not exis ore concepts
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How Different is the Difference? I
SET Math versus MANY Math

SET Math Many Math

Fractions Rational numbers without units, and | Per-numbers, not numbers but operators needing a

adding without units number to become a number, so added by integration
. Statement about equivalent A recounting from tens to icons.

Equation .
number-names Reversed operations

Function A set relation where componentl- | A number-language sentence about the Total
identity implies comp.2-identity with a subject & a verb & a predicate

Propotio- . . L .

nalify A linear function A name for double-counting in two units
Differentiation before integration Integration adds locally constant per-numbers.

Calculus - I . . o
(anti-differentiation) Integration before differentiation

Geometry | Plane before Coordinate before Trig. | Trigonometry before Coordinate Geometry

o

Difference-Research, Main Warning:
The 3x3 Goal Displacements in Math Education

N Umbers Could: be icons & predicates in Tales of Many, T= 2 35 = 2*3; show Bundles, T = 47 =4B7 = 3B17=5B-3; T= 456 = 4*BB + 5*B + 6*1
- Instead: are changed from predicates to subjects by silencing the real subject, the total. Place-values hide the bundle structure
—_
g Operations Could: be icons for the counting process as predicted by the RecountFormula T= (T/B}*B, from T pushing Bs away T/B times
= Instead: hide their icon-nature and their role in counting; are presented in the opposite order (+ - * /) of the natural order {/, *, -, +).
=
ould: wait to after countin recountin ouble-counting have produced unit- and per-numbers; wait to atter multiplication
= ition Could: wai i ing & ing & doubl ing have produced uni d p b i o Itiplicati
Instead: silences counting and next-to addition; silences bundling & uses carry instead of overloads; assumes numbers as ten-based
Fractions Could: be per-numbers coming from double-counting inthe same unit; be added by areas (integration)
o Instead: are defined as rational numbers that can be added without units (mathe-matism, true inside, seldom outside classrooms)
- Equations Could: be introduced in primary as recounting from ten-bundles to icon-bundles; and as reversed on-top and next-to addition
z Instead: Defined as equivalence relations in a set of number-names to be neutralized by inverse elements using abstract algebra
= ProportionaHW Could: be introduced in primary as recounting in another unit when adding on-top; be double-counting producing per-numbers
Instead: defined as linear functions, or as multiplicative thinking supporting the claim that fractions and ratios are rational numbers
Trigonometry Could: be introduced in primary as mutual recounting of the sides in a right-angled triangle, seen as a block halved by a diagonal
Instead: is postponed till after geometry and coordinate geometry, thus splitting up geometry and algebra.
'gu Eunctions Could: be introduced in primary as formulas, i.e. as the number-language’s sentences, T= 2*3, with subject & verb & predicate
T Instead: are introduced as set-relations where first-component identity implies second-component identity
Calculus Could: be introduced in primary as next-to addition; and in middle & high as adding piecewise & locally-constant per-numbers
nstead: differential calculus precedes integral calculus, presented as anti-differentiation
Instead: differential calcul des integral calcul ted ti-differentiati
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ReCounting looks like Dienes MultiBase Blocks

* “Dienes’ name is synonymous with the Multi-base
blocks (also known as Dienes blocks) which he
invented for the teaching of place value.

* Dienes’ place is unique in the field of mathematics
education because of his theories on how
mathematical structures can be taught from the early
grades onwards using multiple embodiments through
manipulatives, games, stories and dance.”

(http://www.zoltandienes.com/about/)

41

Dienes on Numbers and MultiBase Blocks

“The position of the written digits in a written number tells us whether they are counting singles
or tens or hundreds or higher powers. This is why our system of numbering, introduced in the
middle ages by Arabs, is called the place value system. My contention has been, that in order to
fully understand how the system works, we have to understand the concept of power. {(..)

In school, when young children learn how to write numbers, they use the base ten exclusively and
they only use the exponents zero and one (namely denoting units and tens), since for some time
they do not go beyond two digit numbers. So neither the base nor the exponent are varied, and it
is a small wonder that children have trouble in understanding the place value convention. (..)
Educators today use the “multibase blocks”, but most of them only use the base ten, yet they call
the set “multibase”. These educators miss the point of the material entirely.”

(Whatis a base?, http://www.zoltandienes.com/academic-articles/)
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Power & Base from Above, or Bundles from Below

Dienes teaches the 1D place value line-numbers with 2D & 3D blocks to
show the importance of the power concept.

* ManyMatics teaches 2D block-numbers with units to show the

importance of bundling singles, bundles & bundle-bundles. 6
. 6, %
Dienes sees numbers as examples of the abstract label base %%%6
. , , : e 5
* ManyMatics sees counting as an action with a concrete verb bundle @éc,j

%

Dienes teaches top-down ‘MetaMatics’ derived from the concept Set

* ManyMatics teaches a bottom-up natural science about the fact
Many; and sees Set as meaningless because of Russell’s set-paradox.

Different Education

EU: Line-organized & Office-directed Schools

From secondary school, continental Europe uses line-organized education with
forced classes and forced schedules, making teenagers stay togetherin age groups -
even if boys are two years behind in mental development.

The classroom belongs to the class. This forces teachers to change room and (in
lower secondary school) to teach several subjects outside their training.

Tertiary education is also line-organized preparing for offices in the public or
private sector. This makes it difficult to change line in the case of unemployment.

This makes reproduction fall to 1.5 child/family, causing the European population to
be halved each two generations since per female, (1.5/2)*(1.5/2) = .75*.75 = 0.5.
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Different Education

US: Block-organized & Talent-directed Schools

Alternatively, North America uses block-organized education saying to teenagers:

“Welcome, inside you carry a talent! Together we will uncover and develop your
personal talent through self-chosen daily half-year blocks, academical or practical,
together with 1subject teachers. If successfulthe school will say ‘good job, you
have a talent, you need some more’. If not, the school will say ‘good try, you have
courage to try out the unknown, now try something new’”.

The classroom belongs to the teacher teaching one subject only.

Likewise, college is block-organized easy to supplement with additional blocks in
the case of unemployment.

At the age of 25, most students have an education, a job and a family with three
children, 1 for mother, 1 for father, and 1 for the state to secure reproduction.

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY 45

Good & Bad Research

* Good research searches for truth about things that exist. *
It poses a question, and chooses a methodology to
transform reliable data into valid statements.

Or it uses methodic skepticism to unmask choice masked as nature.

* Bad research is e.g. master level work applying instead of questioning
existing research. Or journalism describing somethlng without bemg
guided by a question. i

* With these three research genres, peer-review
only works inside the same genre.

* All conferences should have a ‘salon des refusé”’
new paradigms (Kuhn), as it does in art.
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More Conflicting Theory in Math Ed Research

Philosophy

* Sophists: Unmask choice masked as nature by finding hidden differences

* Philosophy: All is nature and examples of meta-physical forms only visible to us
Sociology

* Structure: Institutions are good if rational and democratic

* Agent: Goal displacements in institutions lead to ‘the banality of evil’ (Arendt)
Psychology

* Piaget: Teach little, but allow the learner to meet the existing subject directly

* Vygotsky: We need good teaching to mediate institutionalized essence

More Enlightenment Sociology in Math Ed Research

Sociology can question institutions by asking: Offering education as a cure for the
diagnose ‘uneducated’ is a self-referring irrationality. A power agenda behind?

Thus, inspired by Heidegger’s: ‘In sentences, trust the subject & doubt the predicate’,
and wanting to protect its Enlightenment republic, French post-structuralism says:

* Derrida: Words can be fake, and install instead of label (DeConstruction)
* Lyotard: Truth can be fake (PostModern skepticism towards meta-narratives)

* Foucault: Diagnoses and discourses can be fake, still allowing curing institutions to
expand (a school is really a ‘pris-pital’ mixing power techniques from a prison and a
hospital, and with learners as ‘patien-mates’)

* Bourdieu: Education is fake by using symbolic violence (and mathematics especially)
to create a new knowledge-nobility
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ManyMath is Different
But does it make a Difference? Try it out

» Watch some YouTube or YouKu videos (MrAlTarp/DrAlTarp)

* Try the CupCount before you Add Booklet

* Try a 1day free Skype seminar How to Cure Math Dislike

* Try Action Learning and Action Research, e.g. 1Cup & 5Sticks

* Collect data and Report on 8 MicroCurricula, M1-M8

* Try a 1year online InService TeacherTraining at the
MATHeCADEMY.net using PYRAMIDeDUCATION to teach
teachers to teach MatheMatics as ManyMatics,
a Natural Science about the root of mathematics, Many

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY

Some MrAlTarp YouTube Videos

Screens & Scripts on MATHeCADEMY.net

* Postmodern Mathematics Debate
* CupCounting removes Math Dislike
* IconCounting & 83335%%3@"“”““

* PreSchool Mathematics T= |l I I
* Fractions ‘ . =1l ]
* PreCalculus : = | ) | | )
* Calculus —

* Mandarin Mathematics = 1)2)
* World History
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Action Learning & Action Research

Imagine a difference Lyotard dissenting Paralogy
l Quality indicator:
Ungrounded rejection

Design m——) Report

Teachl IShare Example
Calculators in PreSchool

and Special Needs education
Paper rejected at MADIF10

51

Observe

Numbers as Icons & ReCounting 7 in 55 & 3s & 2s
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MatheMatics: Unmask Yourself, Please

* In Greek you mean ‘knowledge’. You were chosen as a common
label for 4 activities: Music, Astronomy, Geometry & Arithmetic.
Later only 2 activities remained: Geometry and Algebra

* Then Set transformed you from a natural science about the
physical fact Many to a metaphysical subject, MetaMatism,
combining MetaMatics and MatheMatism

* So please, unmask your true identity, and tell us how you would
like to be presented in education:

* MetaMatism for the few - or ManyMatics for the many.

From Bad & Math
to Good Math:

1) Respect the Child’s own 2D Block
2) Count, ReCount & DoubleCount
before Adding OnTop & NextTo
3) Let Existence precede Essence:
Think Things
Slides on MATHeCADEMY.net
Details in Journal of Mathematics Education

Thank You for Listening
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CupCount ‘fore you Add BOOklEt, free to Download

03. CupCounting in Icons
My many Math Tears will not Stay ~ if I Cup the Stray Away Contents Job 0 Calutator
o T
C C t o Cou (123,08 100202 103 300 P 2
upCount ’fore you Add o i
p y Introduction to the Chapters
seos s
MathDislike Cured by 1 Cup & 5 Sticks 01 From Seicks 19 kons 2 soxs
02. Counting in lcons . 3
03, CupCounting i IOnS ........... I 1 ot | 1238 180 182 185 28 21 s
O e
S=1111=011=13 25 e o W boe] i
PR P
S=1ll = @I 5 2)1 2s 05. ReCounting in the Same Unit ... ) —a #-ine :
= = = sere 3
06. ReCounting in a New Unit.._.... ) smer [7292218
S=1Nil = @l = 3)-1 2s 07. ReCounting in BundieBundies. 13 e
ot
! 08. ReCounting in Tens on Squared Paper or an ABICUS.............15
CupCount 7in3s: 7=2)1 3s=1)43s=3)2 35 ¢ v e ”
09. ReCounting from Tens - 17 in3s o s-
, 4x7 15 10t 28, 115 4 75= 2)8 = 1)18 = 3).2 tem:
ksl B4 75x2)8 =118 =3) A tins 10. ReCounting Large NumbersinTens._____________19 -
NO, 30/6 is not 30 divided by 6, it is 30 counted in 65 e
11 DoubleC 2 -
CupWrite to tell InSide Bundies from OutSide 15 12. DoubleCounting with Fractions and Percentages e 22 o
. .
© 65427 = 6)5+2)7=8)12=9)2%92 13. ReCounting PerNumbers, Fractions iR s e
inds |o :
©65-27 = 6)5-27x 412=3838 14. Adding OnTop ; 2% s
o 7x48 = 748281563316 =336 2 o
©336/7 = 33)6/7=28)56/7=4)8= 48 15. Reversed Adding OnTop ... s -
MatheMatics as ManyMath 16:Adding HemtTo'. = — 2% ot
-a Natural Science about Many 17. Reversed Adding NextTo.... . —— — P s
5 18. Adding Tens ... 3 S 28 =% o "
st
Reversed Adding T
AancTarp 19. Reversed Adding Tens. 2 o]
20. Recounting Solves Equations - 30
MATHeCADEMY.net 2 i

1day free Skype Seminar:
To Cure Math Dislike, CupCount before you Add

Action Learning based on the Child’s own 2D NumberlLanguage

09-11. Listen and Discuss the PowerPointPresentation

To Cure MathDislike, replace MetaMatism with ManyMath

* MetaMatism = MetaMatics + MatheMatism

* MetaMatics presents a concept TopDown as an example instead of BottomUp as an abstraction

* MatheMatism is true inside but rarely outside classrooms

* ManyMath, a natural science about Many mastering Many by BundleCounting & Adding NextTo
and OnTop.

11-13. Skype Conference. Lunch.

13-15. Do: Try out the CupCount before you Add booklet to experience proportionality & calculus
& solving equations as golden LearningOpportunities in BundleCounting & NextTo Addition.

15-16. Coffee. Skype Conference.

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY 56
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8 MicroCurricula for Action Learning & Research

C1.
C2.
C3.
C4.
Al.

Create Icons
Countin lcons

ReCount in the Same Icon (Negative Numbers)
ReCount in a Different Icon (Proportionality)

4 Counted in 3s

Sticks
G-counting A-counting
1 fayout |1111 lay out
LI bundle |HHI bundie
cups
El | stack 1) 1) cup-writing
T=113s Total |T=1.13s Total

Add OnTop (Proportionality)

Abacus

mode

A-mode

A2. Add NextTo (Integrate) EREEEE e
. et i T
A3. Reverse Adding OnTop (Solve Equations)
A4. Reverse Adding NextTo (Differentiate) | H. 5. .. | mo
== ote) NP
MATHeCADEMY.net : Math as MANYmath - a Natural Sciencelabd it TR 2 st me ®® 57
Teacher Training in CATS ManyMath
Count & Add in Time & Space
iid: \v%\ “:: = Fill & Sign -:nn:r;cni'J “’ﬁ | “:: & Fill & Sign Comm:ntiJ TTIv]Ts T"‘%’E] o’ = Finasign Commtn;J

‘\
T}
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MATHeCADEMY.net
HOME NTR NT 8 ADD TIME & SPACE K KE A TMATH £OS PEF VARIOUS

Cure Math Dislike: BundleCounting before Adding RECENT POSTS

) to Master MANY.

* BundleCount & ReCount

T=7 1111 =H # 1=2B13s=213s
T= B:3s=3B3s ( or ) deggs oving Math ¢
T B25s=38125=1BBIBI 25 4ES? Contributions yitikias:
T= = 2B6 9s = 2B4 tens, or the sloppy version 24 50.v8 f'/ fath £d RS
i

A R \

: G . 8(5 X0 N\a’(x\v

Adding NextTo, means Integration o /—‘e’ad\ N\’B‘N " P\“\( .
* Add OnTop & Add NextTo. /\'\e“3 . S as 2 \)‘-N\ ’a‘.

¢ A Ad ,‘eac N\a‘\c 3\00 w

(2 Lo(\C o 2.5
T1+T2 = 182 35 + 485 68 = 3B7 95 or 3B4 tens ,\\d N\B‘\“ \ Sc\e 06‘:‘0 £ &Spa‘/

The CATS approach to MATH: Count & Add in Ti 3‘- e‘X\ . 1\(0e/
I \3& S L aain
o i e e P
\\ o™
ANY. \/ B

To learn MATH: Count&Add MANY

PY RAM | De D U CATI O N Always ask Many, not the Instructor

MATHeCADEMY.net - a VIRUSeCADEMY

In PYRAMIDeDUCATION a group of 8 teachers are organized in

2 teams of 4 choosing 2 instructors and 3 pairs by turn.

* Each pair works together to solve Count&Add problems.

* The coach assists the instructors when instructing their team and
when correcting the Count&Add assignments.

* Each teacher pays by coaching a new group of 8 teachers.

1 Coach -

2 Instructors
3 Pairs
2 Teams
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28b. Different Mathematics

Main Parts of a ManyMath Curriculum

Primary School — respecting and developing the Child’s own 2D NumberLanguage
« Digits are Icons and Natural numbers are 2dimensional block-numbers with units
« BundleCounting & ReCounting before Adding

* NextTo Addition (PreSchool Calculus) before OnTop Addition

« Natural order of operations: divide, multiply, subtract, add on-top & next-to
Middle school — integrating algebra and geometry, the content of the label math
* DoubleCounting produces PerNumbers as operators needing numbers to become
numbers, thus being added as areas (MiddleSchool Calculus)

¢ Geometry and Algebra go hand in hand always, so length becomes change and wv.
High School - integrating algebra and geometry to master CHANGE

¢ Change as the core concept: constant, predictable and unpredictable change

« Integral Calculus before Differential Calculus

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY

61

Quadratic Equations with 3 Cards

Solve the quadratic equation ur2+6u+8=0
(u+3)A2=ur2+6u+8+1

(u+3)"2 = 0 +1

u+3=x1

u=-3x1

Solution: u=-4,u=-2

62
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Pythagoras shown by 4 Cards with Diagonals

d
cN2 + 4 Ycards a2 + bA2 + 2 cards )
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25. The Simplicity of Math reveals a Core Curriculum
Introduction

Research in mathematics education has grown since the first International Congress on Mathematics
Educationin 1969. Likewise, funding has increased as seen e.g. by the creation of a Swedish centre
for Mathematics Education. Yet, despite increased research and funding, decreasing Swedish PISA
result caused OECD (2015a) towewdehé tbsecrepon
school system as 6in need of urgent changeo.

To find an unorthodox solution we pretend that a university in southern Sweden arranges a
curriculum architect competition: O0Theorize t
research; and derivea STEMased core curriculum from this t

Since mathematics education is a social institution, social theory may give a clue to the lacking
success and how to improve schools in Sweden and elsewhere.

Social Theory Looking at Mathematics Education

Imagination as the core of sociology is described by Mills (1959). Bauman (1990) agrees by saying
t hat sociological thinking 6renders flexible
it shows it as a world whichcoube di fferent from what it i s no

Mat hemati cs education is an example of oOratio
and the actors concentrate their thoughts and efforts on selecting such means to the end as promise
tobemosef f ecti ve and economical (p. 79) 0. Howeve

The ideal model of action subjected to rationality as the supreme criterion contains an
inherent danger of another deviation from that purpake danger of scalled goal
displacement. (..) The survival of theganization, however useless it may have become in
the light of its original end, becomes the purpose in its own right. (p. 84)

One such goal displacement is saying that the goal of mathematics education is to learn
mathematics since, by its sedffererce, such a goal statement is meaningless. So, if mathematics
i sndét the goal of mathematics education, what

In ancient Greece, the Pythagoreans used mathematics, meaning knowledge in Greek, as a common
label for their four knowledge areas: arithmetic, geometry, music and astronomy (Freudenthal,

1973), seen by the Greeks as knowledge about Many by itself, Many in space, Many in time and
Many in time and space. And togeaebyPatoasfaor mi ng
gener al curriculum together with &é6triviumd co

With astronomy and music as independent knowledge areas, today mathematics should be a
common label for the two remaining activities, geometry and algbbth rooted in the physical

fact Many through their original meanings, 06t
And in Europe, Germanic countries taught counting and reckoning in primary school and arithmetic
and geometry in the lower sewtary school until about 50 years ago when they all were replaced

by the 6New Mat hemati csd.

Here the invention of the concept SET created ebSets e d-mametcad 6 as a -col | ec
provend stat ednefnitrse ddd oaudn devadl § nedHoweneani- deéil
reference, i.e. defining tepown as examples of abstractions instead of bettpras abstractions

from examples. And by looking at the set of sets not belonging to itself, Russell showed that self
reference leads to the class a | |l iar paradox O6this sentence i

false:If M =1 Ab Al AlithenMi MU Mi M.

The ZermeldFraenkel Setheory avoids selfeference by not distinguishing between sets and
elements, thus becoming meaningless by not separating concrete examples from abstract concepts.
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I n this way, SET transf or med-refemimga medneadt insan 6h,e naa

mixture of metamat i ¢ s amat i6smad@ hter ue i nside but sel dom
adding numbers without uaxamplesasesy. 2weeks+ 3daysis$7 5 06
days; in contrast t olway2beldesobnfedas®6sst i ng that 2 3

Difference Research Looking at Mathematics Education

Inspired by the ancient Greek sophists (Russell, 1945), wanting to avoid being patronized by
choices present ed essx arathwr a,s cFaéntedmakingaad or hi
difference. So, to avoid a goal displacement in mathematics education, diffezeaaech asks:

How will mathematics look like if grounded in its outside root, Many?

To answer we allow Many to open itself for us, so that, as curncahehitects, sociological

imagination may allow us to construct a core mathematics curriculum based upon exemplary
situations of Many in a STEM context, seen as having a positive effect on learners with a non
standard background (Han et al, 2014). Sonas return to the original Greek meaning of
mathematics as knowledge about Many by itself and in time and space; and use Grounded Theory
(Glaser & Strauss, 1967), lifting Piagetian knowledge acquisition (Piaget, 1969) from a personal to
a social level, t@llow Many create its own categories and properties.

Meeting Many Cr dadrefsd di ndgCho utGwutr ri cul um

Meeting Many, we ask O6How many in Total ?6 To
numberlanguage sentences, T = 2 3s, containingbgest and a verb and a predicate as in a word
language sentence.

Rearranging many 1s in 1 icon with as many strokes as it represents (four strokesdarthéwé
in the 5icon, etc.) creates icons to be used as units when counting:

lfo - - > - = L
[ s R o R [ e R s

1 2 3 4 5 6 7 8 9

We count in bundles to be stacked as bundiebers or blockhumbers, which can be-mwuntel
and doublecounted and processed by-tmp and nexto addition, direct or reversed.

To count a total T we take away bundles B (thus rooting and iconizing division as a broom wiping
away the bundles) to be stacked (thus rooting and iconizing multipticas a lift stacking the

bundles into a block) to be moved away to look for unbundled singles (thus rooting and iconizing
subtraction as a trace left when dragging the block away). A calculator predicts the result by a re
countformula T=(T/B)*Bsaying hat &6éfrom T, T/ B ti mes, B can

7/3 gives 2.some, andi72x3 gives 1,s0 T =7 = 2B1 3s.

Placing the singles nexb or ontop of the stack counted as 3s, roots decimals and fractions to
describe the singles: T=7=2.13s=21/3 3s

Lo HE

T=7= 23s&1= 2B13s =2.13s = 21/33s

A total counted in icons can be-ceunted in tens, which roots multiplication tables; or a total
counted in tens caoe recounted in icons, T = 42 = ? 7s, which roots equations.
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Double-counting in physical units roots proportionality by jmemmbers as 3$/4kg bridging the

units. Pemumbers become fractions if the units are the same. Singeipdyers and fractions are

not numbers but operators needing a number to become a number, they add by their areas, thus
rooting integral calculus.

Once counted, totals can be addedamatfter being reounted in the same unit, thus rooting
proportionality; or nexto as areas, tisurooting integral calculus. And both-top and nexto
addition can be reversed, thus rooting equations and differential calculus:

2 3s + ? 4s =5 7s gives differentiation as: ? = {5273)/4 =DT/4

In a rectangle halved by a diagonal, mutuatoentng of the sides creates the {mermbers sine,

cosine and tangent. Traveling in a coordinate system, distances add directly when parallel; and by
their squares when perpendicular-&inting the ychange in the xxhange creates change

formulas, algebraichly pr edi cti ng geometrical intersectic
algebra, always together, never apartoé princi

Predictable change roots pralculus (if constant) and calculus (if variable). Unpredictable change
roots st atdiicttioc nutmbedpo bty a mean and a-ddtevi at
a confidence interval for numbers we else cannotjoe

Alternative Versions of Standard Mathematics
01. To stress the importance of bundling, the counting seqeehceul d be: 01, 02,
02. The ten fingers should be counted also as 13 7s, 20 5s, 22 4s, 31 3s, 101 3s, 5 2s, and 1010 2s.

03. A Total of five fingers should be-mwunted in three ways (standard and with eaed
underload): T = 2B1 5s =BB 5s = 3B1 5s = 3 bundles less 1 5s.

04. Multiplication tables should be formulated asoeinting from icorbundles to tens and use
underload counting after 5: T = 4*7 = 4 7s = 4*(ten less 3) = 40 less 12 = 30 less 2 = 28.

05. Dividing by 7 should be fmulated as reounting from tens to 7s and use overload counting: T
=336 /7 = 33B6 /7 = 28B56 /7 = 4B8 = 48

06. Solving proportional equations as 3*x = 12 should be formulatedairging from tens to 3s:
3*x =12 = (12/3)*3 giving x=12/3illustratig t he r el evance of the dop

07. Proportional tasks should be done bgaanting in the penumber: With 3$/4kg, 20kg =
(20/4)*4kg = (20/4)*3$% = 15%; and 18% = (18/3)*3% = (18/3)*4kg = 24 kg

08. Fractions and percentages sho@déen as parumbers coming from doublunting in the
same unit, 2/3 = 2$/3%. So 2/3 of 60 = 2$/3$ of 60%$ = (60/3)*3$ giving (60/3)*2$ = 40$

09. Integral should precede differential calculus and include adding both piecewise and locally
constant penumbers: 2kg at 3$/kg + 4kg at 5$/kg = (2+4)kg at (2*3+4*5)$/(2+4)kg thus showing
that pernumbers and fractions are added with their units as the area under-thenter graph.

10. Trigonometry should precede plane and coordinate geometry to show hdwexihaved by
its diagonal, the sides can be mutualhcoginted as e.g. a = (a/c)*c = sinA*c.

Level & Change Formulas

Re-counting and doubleounting leads to the recodfarmula T = (T/B)*B occurring all over

mathematics: when feounting or double&ounting to change unit in proportional quantities; when
re-counting to solve equations; in trigopnometry to mutualtgaant the sides in a right triangle; and

in calculusto mutuallyre ount t he changes as dy = (dytdx) *c
formula becomes a pridermula: $ = ($/kg)*kg, $ = ($/day)*day, etc.

Counting by stacking bundles into adjacent blocks leads to the ndorberla called a polynomial:
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T = 456 = 4*BundleBundle + 5*Bundle + 6*single = 4*B"2 + 5*B + 6*1.

In its general fom, the numbeformula T = a*x"2 + b*x + ¢ contains the different formulas for
constant change: T = a*x (proportionality), T = a*x+b (linearity), T = a*x"2 (acceleration), T =

a*x"\c (elasticity) and T = a*c”x (interest rate).

The numbeiformula also showthe four ways to unite numbers offered by algebra meaning

6reuniting6 i

n Ar abi

C:

addi ti on

aumdbersand t i pl i c

integration and power unite variable and constannpenbers. And since any operation can be
reversedsubtraction and division split a total into variable and constaninumitbers; and

differentiation and root & logarithm split a total in variable and constanhperbers:

Uniting/splitting into Variable Constant

Unit-numbers T=a+n T=a*n

m, s, kg, $ Tia=n TIn=a

Pernumbers T = U a dn T=a’n,

m/s, $/kg, $/100$ =% | dT/dn=a l oga(T) = n

Meeting Many in a STEM Context

Having met Many by itself, we how meet Many in time and space in the present culture based upon

STEM, described y

OECD

(20150Db)

as folll

O WS :

6l n develo

disciplines (science, technology, engineering and mathematics) is increasingly seen as a means to
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STEM thus combines basic knowledge about haméans interact with nature to survive and

prosper:

Mat hemat i

CcsS

provides

f or mul

as predic

this knowledge, logos, allows humans to invent procedures, techne, and to engineer artificial hands
and muscles and hres, i.e. tools, motors and computers, that combined to robots help transforming
nature into human necessities.

A falli bal

ng

ntroduces

natureds

three main

three social actors, humans and will and obede. As to matter, we observe three balls: the earth,

the ball, and molecules in the air. Matter houses two forces, an eteatnoetic force keeping

matter together when colliding, and gravity pumping motion in and out of matter when it moves in
the samer in the opposite direction of the force. In the end, the ball is lying still on the ground. Is
the motion gone? No, motion cannot disappear. Motion transfers through collisions, now present as
increased motion in molecules; meaning that the motiondsag$ order and can no longer be put

to work. In technical terms: as to motion, its energy stays constant but its entropy increases. But, if
the disorder increases, how is ordered life possible? Because, in the daytime the sun pumyps in high
quality, lowdisorder lightenergy; and in the nighttime the space sucks outjoality high

disorder heaenergy; if not, global warming would be the consequence.

So, a core STEM curriculum could be about cycling water. Heating transforms water from solid to
liquid to gas, i.e. from ice to water to steam; and cooling does the opposite. Heating an imaginary
box of steam makes some molecules leave, so the lighter box is pushed up by gravity until
becoming heavy water by cooling, now pulled down by gravity asimanountains and through

rivers to the sea. On its way down, a dam can transform falling water to electricity. To get to the
dam, we must build roads along the hillside.

In the sea, water contains salt. Meeting ice at the poles, water freezes butdtaysah the water
making it so heavy it is pulled down by gravity, elsewhere pushing warm water up thus creating
cycles in the ocean pumping warm water to cold regions.
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The two watercycles fueled by the sun and run by gravity leads on to other STéad:dp the
trajectory of a ball pulled down by gravity; to an electrical circuit where electrons transport energy
from a source to a consumer; to dissolving matter in water; and to building roads on hillsides.

STEM-subjects are swarming with peumberskg/m”3 (density), meter/second (velocity),
Joule/second (power), Joule/kg (melting), Newton/m”2 (pressure), $/kg (price), $/hour (wages), etc.

An Electrical Circuit

To work properly, a 2000Watt water kettle needs 2000Joules per second. The socket delivers
220Volts, a penumber doubleounting the number of Joules per changé.

Re-counting 2000 in 220 gives (2000/220)*220 = 9.1*220, so we need 9.1 alngitgger second,
which is called the electrical current counted in Ampere.

To create this currenthé kettle must have a resistance R according to a circuit law Volt =
Resistance*Ampere, i.e., 220 = R*9.1, or Resistance = 24.2Volt/Ampere called Ohm.

Since Watt = Joule per second = (Joule per changg*(chargeunit per second) we also have a
second érmula, Watt = Volt*Ampere.

Thus, with a 60Watt and a 120Watt bulb, the latter needs twice the current, and consequently half
the resistance of the former.

Supplied nexto each other from the same source, the combined resistance R must be decreased as
shown by reciprocal addition, 1/R = 1/R1 + 1/R2. But supplied after each other, the resistances add
directly, R = R1 + R2. Since the current is the same, the-ddatumption is proportional to the
Volt-delivery, again proportional to the resistance. Sol#&@®Vatt bulb only receives half of the

energy of the 60Watt bulb.

Warming and Boiling Water

In a water kettle, a doubleounting can take place between the time and the energy used to warm
the water to boiling, and to transform the water to steam.

Heating1000gram water 80degrees in 167seconds in a 2000Watt kettle, tmenpleer will be
2000*167/80Joule/degree, creating a doubleqanber 2000*167/80/1000Joule/degree/gram or
4.18Joule/degree/gram, called the specific heat of water.

Producing 100gram steaim 113seconds, the paumber is 2000*113/100Joule/gram or
2260Joule/qg, called the heat of evaporation for water.

Conclusion and Recommendation

This paper argues that the low success of 50 years of mathematics education research may be
caused by a goal spplacement seeing mathematics as the goal instead of as an inside means to the
outside goal, mastery of Many in time and space. The two views offer different kinds of
mathematics: a sétasedtogd o wn -meé i a s 6 t Mhefetencdiyindeed batdseach f

and learn; and a botteop Manyb a s e d -nbaMaincys 6 si mply saying 6To
produces constant or variable waitpernumbers, uniting by adding or multiplying or powering or
integrating. o

Thus, this simplicity of mathematics agpeessed in a CoufiteforeAdding curriculum allows
bundlenumbers to replace lireumbers, and to learn core mathematics as proportionality, calculus,
equations and parumbers in early childhood. Imbedded in STEkamples, young male migrants
learn coreSTEM subjects at the same time, thus allowing them to become $@&¥ers or
STEM-engineers to return help develop or rebuild their own country. The full curriculum can be
found in a 27page paper (Tarp, 2017).
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26. The Simplicity of Math reveals a Core Curriculum, PPP

AIIan‘Tarp

Curriculum Architect at WEB-based MATHeCADEMY.net

Teaching Teachers to Teach Mathe-Matics as SXI' MANY-Math &5 = <

Problem: Poor PISA Performance
despite 50 years of Math Ed Research
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Figur 2. Udvikling i matematikresultaterne i nordiske lande (2000-2012).
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MATHeCADEMY.net : Math as MANYmath - a Natura

Science about MANY

Improving Schools in
Sweden:

An OECD Perspective

Research Increases
Results Decrease,
especially in Sweden,

@))OECD

Negative Correlation among
Research and Performance

Why?

Is it Really Math we Teach?
Can Math be Different?
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Solution in a Nutshell
From BAD to GOOD Math

1)
2)
3)

4)
5)

6)

All teach numbers. Don’t. Tell tales about how Totals unite and change
All use 1D line-numbers. Don’t. Use 2D block-numbers

All begin with addition. Don’t. Begin with counting and division,
multiplication and subtraction before adding next-to and on-top

All add fractions without units. Don’t. Use units as in integral calculus
All include only the predicate (3*5). Don’t. Use full language sentences
with a subject, a verb and a predicate (T = 3*5)
All call it MatheMatics. Don’t. It is MetaMatism, derived from .
SET SET, and falsified by e.g. 2+3 is 17 and not 5 in the case of (i Y=
weeks and days. MatheMatics is rooted in MANY MANY.

A Call for Curriculum Architects

With many young male migrants in Sweden, a university may write out a competition:
‘Theorize the poor PISA performance; and derive from this a
STEM-based core curriculum for young male migrants.’

Didactics: Define one goal and several means. {mprouig Sotook n
An OECD Perspective

The Tradition: The goal is to learn mathematics. The means is to teach mat

A Difference: The goal is to master Many in space and time. The mans is
number-language sentences about how Many is counted & added a

Prerequisites: None, start from scratch.
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ANADBHIVIA

Definitions of MatheMatics

Pythagoras: mathematics, meaning knowledge, is a common
label for 4 areas describing Many by itself and in space & time: L

* Geometry means to measure earth in Greek

* Algebra means to reunite numbers in Arabic

= Y ~
astronomyets 1 See
P ,f:@',‘lg’!
Around 1900, SET made mathematics self-referring. However, Russell said:
Self-reference leads to the classical liar paradox ‘this sentence is false’, being false if true & opp.
Just look at the set of sets, not belonging to itself. If M = 1A |A§EAF then MeM & MgM.

So, forget about sets, and forget about fractions as numbers, by self-reference they cannot be so.

Mathematics: Forget about Russell, he is not a mathematician. Of course fractions are numbers.

Two Different Mathematics

\ 4

The ruling Set-based Top-Down Meta-matics
* Concepts are defined from above as examples from abstractions

a FUNCTION is an example of a set relation with component-1
identity implying component-2 identity

The silenced Many-based Bottom-Up Many-math
* Concepts are defined from below as abstractions from examples

a FUNCTION is for example 2+x, but not 2+3;
i.e. a name for a calculation with an unspecified number

MATHeCADEMY.net : Math as MANYmath - a Natural Science about MANY 6
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