
From STEM to STeN
including economy & 

Numeracy as Math with Units 
where Addition Folds while Multiplication Holds

- Making all Youth Numerate by 2030
Extended Invited Lecture at the EARCOME 9 Conference in 2025

Allan Tarp 
MATHeCADEMY • net

Denmark • 2025 

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

3 3s & 6 7s on a BundleBundleBoard

BundleUnits



Can a Math with Units secure Numeracy for All? 
Reviewer’s comment to a Paper for 2025 EARCOME 9 in Korea

This proposal tackles an urgently needed conversation in mathematics 
education by challenging deeply ingrained assumptions about number 
systems and arithmetic instruction and proposing a truly decolonized 
approach that foregrounds learners’ intuitive “bundle-number” language. 
Its strength lies in weaving together a compelling theoretical critique—drawing 
on Habermas’s colonization concept and rich philosophical underpinnings—
with concrete instructional innovations like the Algebra Square that reframe 
operations as intuitive spatial and bundling processes. 
By aligning this reconceptualization directly with SDG 4’s numeracy targets and 
illustrating how multiplication-centered reasoning better reflects real-world 
number use, the paper promises to make a bold and impactful contribution to 
both research and practice. 
We look forward to seeing how this work can reshape numeracy instruction 
and foster truly inclusive mathematical literacy for all.”
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Economics gives a core Understanding and Use of 
Numbers and Calculations in Primary School
Their basic meanings show geometry and algebra as rooted in economics. 
So, STEM should change to STeN including economics and Numeracy.
In Greek, geometry means to measure earth. And in Arabic, algebra 
means to reunite numbers. So, they have a common root in the basic 
economic question “How to divide the earth, and what it produces?” 
A hunter-gatherer needs not tell the different degrees of many apart.
But a farmer does since here you produce to a market. And there, you 
need to be numerate to answer the question “How many in total?” 
Which immediately leads to the answer “That depends on the unit.”
Units Matter. STeN and children all use units. Math does not and must go.
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With units, we can solve a facebook puzzle
Question                         Answer

Without units With units

1 + 4 =  5 1 1s + 4 1s =  5

2 + 5 = 12 2 1s + 5 2s = 12

3 + 6 = 21 3 1s + 6 3s = 21

8 + 11 = ? 8 1s + 11 4s = 52
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UN: “By 2030, ensure that all youth achieve Numeracy”
Will replacing STEM with STeN make a difference?
• Oops, two different definitions of ‘numerate’ exist:

The UK Oxford Dictionary: Competent in the basic principles of mathematics, esp. arithmetic. 

The US Merriam-Webster Dictionary: Having the ability to understand and work with numbers.

• Why this difference? We ask the three Grand Theories

Philosophy: Outside existence must avoid colonization by its many inside essence-regimes.

Sociology: Institutionalizing an essence may lead to a goal displacement where the means 
becomes the goal by working, not for, but against reaching the original goal, existence.

Psychology: Self-referring systems construct essence as inside reductions of outside 
complexity. So, as a social system, math cannot transfer its essence to psychic systems 
that construct their own essence when disturbed by outside existence of Many while
Counting & Adding in Time & Space.

Math first? Or Numeracy first? Well, let us ask  How Numerate are Children before School? 
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We ask a 3year-old “How many years next time?”
The answers is 4, with 4 fingers shown 

But, with 2 bundled as 2s, the child says “No, that is not 4, that is 2 2s.” 
The educated sees the essence, 4, the un-educated sees the existence, 
2 1s bundled as 1 2s in space, and 2 of them when counted in time. 
Children understand Numbers as 2D on a BundleBundleBoard             
with a bundle-unit below, and a counting-numbers going up.
BBM, BundleBundleMath describes Many by the child's own        
numbers with Bundle-units. Normal Math adds without units.
And colonizes Many with Half-Matics using counting-numbers only. 
And becoming ‘Mathema-tism’ by claiming that 2+1 = 3 despite here, 
2 1s +1 2s = 1 4s , not 3 3s. So, Units Matter!
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In Math Education, what comes first: 
to master Math - or to master Many?
Math Education says:                   Math                           MANY

“The goal of math education              
of course, is to master Math, 
to later master Many. Math
is hard! So, work hard!” 

So, we may ask: 
Why not first master Many, 
to later master Math?
What Mathematics may grow from children’s 
innate mastery of Many, where Counting comes before Adding?

Subgoal 4.6:
“By 2030, ensure 

that all youth 
achieve  numeracy”. ?
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8 Competencies Inside the No-Unit Greenhouse 
only 2 Competences Outside

INSIDE
NoUnit GreenHouse

OUTSIDE

To master 
MANY,

first you 
COUNT

then you 
ADD
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Bundling in Space, Children create Units to 
Count with in Time. Adults do the same
47: 1 number? 
No, 3 numberings: Numbering the Bundles & the Bundle-size & 
the unBundled.
4 ty 7 = 4 tens 7
4 Bundles 7  = 4 B 7                       4                                                   7
4 Bundles, at ten-per-Bundle, and 7 unBundled
407 = 40B 7 = 39B 17 = 41B -3 =  4BB 0B 7 (overload & underload)               

With units: No more PlaceValues
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No more PlaceValues or Carrying or Borrowing 
when Bundling deModels essence into existence

Overload Underload Overload Overload
65

+ 27
65

– 27
7 x 48 336 /7

6B 5
+ 2B 7

6B 5
– 2B 7

7 x 4B 8 33B 6  /7

8B 12
9B 2

4B -2
3B 8

28B 56
33B 6

28B 56  /7
4B 8

92 38 336 48
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Meet & Define CountingNumbers in Time (2 & 3) 
and BundleUnits in Space (2s & 3s) 

Move a finger 1 dot saying ‘one’ shows a 1s to left. 
Moving a finger 2 dots saying ‘two’ shows a 2s.
This shows the difference between 
• ‘2’     as a spoken counting-number in time.
• ‘2s’  as a visible bundle-unit in space.
Moving 5 dots shows a 5s, & a ½Bundle, a ½B
Moving 7 dots shows a 7s, & a ½B 2
Moving ten dots shows a tens, 1B 0, 10.
Bundle-units allows BundleCounting on a BBBoard
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I see
a 2s 

I say
2
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Bundle-Counting in 2s, 4 is a Bundle-Bundle, 
and 8 is a Bundle-Bundle-Bundle
1 1 1

2 1B0 10

3 1B1 11

4 1BB0B0 100

5 1BB0B1 101

6 1BB1B0 110

7 1BB1B1 111

8 1BBB0BB0B0 1000

9 1BBB0BB0B1 1001

Ten 1BBB0BB1B0 1010

This can be shown 
with Lego bricks 
having different 
colors:
a green 2-brick is B
a blue 4-brick is BB
a red 8-brick is BBB
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Using Bundle-Numbers with Units to 
Bundle-Count Fingers in 2s and in 3s in Space

Five I I I I I             II I I I             II  II  I          II  II  II           II II          I
 0B 5            1B 3                2B  1            3B -1          1BB 0B 1

101    
2s

Ten [II II  II II]            II       
   2BB        0B     2       = 1BBB 0BB 1B 0

1010    
2s

Five I I I I I                        III    I I                        III    III                         
 0B 5                        1B    2                        2B   -1

12      
3s

Ten III  III  I I I I              III  III  III   I               [III  III  III]        I 
  2B       4                      3B         1                   1BB       0B 1

101     
3s
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BundleCounting in 3s in Time

I move a finger and say
0B1, 0B2, 0B3 or 1B0 or 10 3s
1B1, 1B2, 1B3 or 2B0 or 20 3s
2B1, 2B2, 2B3 or 3B0 or 30 3s

Ooh, 3 3s is 1 Bundle-of-Bundles, 1BB
So 9 = 1BB 0B 0 or 100 3s

Ooh, 1BB is a SQUARE
Ooh, so are 2 2s and 3 3s and 4 4s and 5 5s 
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BundleBundle-Squares on a BBBoard

We see that 2 2s is 4,
• that with 2B+1 is 3 3s or 9,
• that with 2B+1 is 4 4s or 16, 
• that with 2B+1 is 5 5s or 25, (or -2B +1 to 4 4s)
• that with 2B+1 is 6 6s or 36
• that with 2B+1 is 7 7s or 49
• that with 2B+1 is 8 8s or 64
• that with 2B+1 is 9 9s or 81
1BB   2B 1   is the next-BB formula
1BB -2B 1   is the before-BB formula.                       Later, (x^2)’ = 2*x
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Digits are Icons:     I I I I → IIII →         →

Children love to make number-icons of cars, dolls, spoons, etc.
Changing four ones to one fours creates a 4-icon with four sticks. 
An icon contains as many sticks as it represents, if written less sloppy. 
Once created, icons become UNITS when counting in bundles, as kids do.

I       II          III        IIII      IIIII      IIIIII    IIIIIII    IIIIIIII   IIIIIIIII

     1      2         3        4         5        6         7        8         9
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What to do with Totals?
Split Totals                            Count Totals

T = (T-B)+B T = (T/B)xB
Iconize:
– pull-away ‘rope’  
+ pull-back ‘double-rope’

”How many Bs in T?”
”From T, push-away Bs”
Iconize:             
/ push-away ‘broom’
x push-back ‘lift’

The ReUnite Formula
Solves uniting equations:

The ReCount Formula
Solves counting equations:

u + 2 = 7                    But, 7 = (7 –  2) + 2
u        = 7 – 2

u * 2 = 8                       But, 8 = (8/2) * 2
u        = 8/2

u – 2 = 7                    But, u = (u – 2 ) + 2 
u = (u – 2 ) + 2 = 7 + 2 = 9

u / 2 = 4                         But, u = (u/2 )* 2 
u = (u /2 ) * 2 = 4 * 2 = 8

T - B

B

B B
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Squaring Stacks 
with a Square root

A BBBoard has a stack of 6 4s that we can square to a BB-square with the 
square root as the side.

• First, we move half the top-surplus to the side. 

• Next, we take t-slices from the top and the side to fill the empty corner.

• 2*4*t = 1, or 8*t = 1 = (1/8)*8, so t = 1/8 giving, 5-1/8 = 4.875 ≈ 4.9

Our guess then is that 6 4s can be squared as a 4.9 square.

A calculator gives the answer: the square-root of 6*4 is √(6*4) = 4.90.

● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ●
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Quadratic Equations with 2 Cards

u^2 + 6*u + 8 = 0
1

3                               8

               u

u 3
(u+3)^2 = u^2 + 6*u + 8 + 1
(u+3)^2 =             0 + 1
u = -3 ± 1    u = -4 & u = -2

Bundle-bundles as Squares Ease Algebra

Quadratic Rules with 2 Cards

(a - b)^2 = ?

a-b = t
a
b

Corner = (a-b)^2 = a^2 – 2 cards + b^2
So            (a-b)^2 = a^2 – 2 * a * b + b^2                            
And         (t+b)^2 = t^2 + 2 * t * b + b^2
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Units Change, at Workplaces and at Markets

At the workplace we use our hands and muscles to transform input to 
output placed on a row as single items. 
For a market, we need the items to be bundled in, e.g., 2s, 5s, tens, etc. 
At the market, a buyer may want to buy 7s, or to pay 5$ per 4 kg, 5$/4kg.
So, Changing Units by ReCounting is a core job: 
• ‘2 3s = ? 5s’, and 
• ‘6 7s = ? tens’, and 
• ‘3 tens = ? 6s’, and 
• ‘With 5$/4kg, 12$ = ? kg’, and ‘10kg = ? $’
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Equations are solved by Moving Numbers to 
OPPOSITE side with OPPOSITE calculation sign
In the equation, u*3 + 2 = 14, we ask “Some 3s plus 2 total 14“. The answer 
comes from reversing. First, we pull-away the 2. Then we count the rest in 3s.

u + 2 = 8 u x 2 = 8 u^8 = 2 2^u = 8

u = 8 – 2 u = 8/2 u =8
2 u = log2(8)

u * 3 + 2 = 14 
(u * 3) + 2 = 14 
 u * 3 = 14 – 2 
 u = (14 – 2)/3 
 u = 4
Test: u* + 2  = 4*3 + 2 = 14

Equations are, the best we know, 
they’re solved, by isolation. 
But first the bracket, must be placed 
Around, multiplication. 
We change the sign, and pull away, 
so only u itself, will stay. 
We just keep on moving, we never give up. 
So feed us equations, we don’t want to stop.
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Two ways to Understand and 
to Solve the Equation 2 * x = 8
1. An equation is a reversed calculation solved by 
recounting 8 in 2s as 8 = (8/2)*2; and by testing.

2. An equation is two equivalent numbers-names, 
expressed in a statement that retains its truth value if 
the same operation is performed to both numbers-
names. When transforming a number-name, three 
laws are used, a commutative, an associative and a 
distributive law. As well as two abstract concepts: 
1/2 is inverse element to 2 & 1 is the neutral element.

2*x          = 8

(2*x)*½   = 8*½

(x*2)*½   = 4

x*(2*½)   = 4

x*1           = 4

x               = 4

2*x = 8 = (8/2)*2

x     = 8/2 = 4

Test: 2*4 = 8  
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A Formula-Table shows the Work

Unknown number c = ? T = a + b*c From a T-Formula to a c-Formula
Known numbers a = 2

b = 3
T = 14

T = a + (b*c)
T – a           = b*c
(T – a)/b    = c
(14 – 2)/3 = c

4 = c

From multi to single calculation with hidden bracket 
+ moves over as the opposite, -
* Moves over as the opposite, / 
Bracket around any calculation
Inserting the numbers 
The solution is calculated

The test Test 14 = 2+3*4
14 = 14   

The solution is tested because 
we changed a T-formula to a c-formula

c = ? T = a – c c = ? T = a/c
With opposite signs, the unknown 
number is moved first:

T + c = a
c = a – T

T * c = a
c = a/T

Formel-formular (lignings-skema) kan bruges til dokumentation af ligningsløsning 

Alternativ1: ’solve(T = a+b*c,c)’ giver ’c =  ’.  Hvorefter ’│T = 14 and a = 2 and b = 3’ giver ‘c = 4’ 

Alternativ2: ’solve(14 = 2+3*c,c)’ giver ‘c = 4’ 

Opgaver
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ReCounting from tens to digits: 30 = ?4s 
A Division Table changes Units & solves Equations 
We first predict the result on a calculator, recounting 30 in 4s:
     30/4 = 7.more
     30 – 7*4 =      2
     30 = 7B 2  4s
Two bands after 4s and over 3 allows changing units from 3 
tens to some 4s, thus solving the equation ‘u * 4 = 3 tens’. 
With a finger we find the 4s to move. First 3, then 1, giving 7.
The unbundled 2s become a decimal, so 3 tens = 7B 2 4s.
The equation is solved the  “OPPOSITE side & sign” way.

u * 4 = 30         but 30 = (30/4) * 4
u = 30/4     

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●
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Calculators predict Counting Results 
Bundle-Counting a Total of 9 in 2s

Acting Predicting

4.1B 4½B 5B-1
2s

From 9, 9/2 times, we push-away 2s

From 9, we pull-away 4 2s, leaving 1

Calculator prediction :
T = 9 = 4B1 2s

The unbundled are placed on-top
• separated by a decimal point, 4.1 2s
• counted in bundles as 1 = (1/2) x 2 giving 4½B 2s
• counting what is missing in a full bundle, 5B-1 2s

So, inside decimals, fractions, and negatives are 
rooted in how we outside see the unbundled. 

9

bundled in 
2s

with 1 
unbundled

stacked as 
4x2

with 1 
unbundled

placed
on-top

9/2         4.more
9 – 4x2             1
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ReCounting from digits to tens is a Multiplication
Table with Early Algebra on a BBBoard
Two bands after 6 & 7s allow feeling & seeing & recounting 6 7s in tens. 
• Count the half-Bundles, ½Bs
6 * 7 = (5 + 1 + 2) * ½B + 2 = 8 * ½B + 2 = 4B 2 = 42
• Recount 7 as ½B 2
6 * 7 = 6 * ½B 2 = 3B 12 = 4B 2 = 42  (an overload)
• Pull-away the outside Bundles
6 * 7= (B – 4)*(B – 3) = BB – 3B – 4B - - 3 * 4 

= (10 – 3 – 4)B + 12 = 3B 1B 2 = 4B 2 = 42.     
• 6 = 1up, 4down & 7 = 2up, 3down, T = (1+2)B (4*3) = 3B 12   
• 6 = 1up & 7 = 2up, T = (1+2+5)*½B (1*2) = 4B 2 = 42
The last finger-up method uses half-bundles, ½B 7 = B – 3             3 

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●
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Recounting into tens with Overloads in List  
Square-Multiplication & Division

1 x 16 =   1 x 1B6 1B6 1B6 =   16
2 x 16 =   2 x 1B6 2B12 3B2 =   32
3 x 16 =   3 x 1B6 3B18 4B8 =   48
4 x 16 =   4 x 1B6 4B24 6B4 =   64
5 x 16 =   5 x 1B6 5B30 8B0 =   80
6 x 16 =   6 x 1B6 6B36 9B6 =   96
7 x 16 =   7 x 1B6 7B42 11B2 = 112
8 x 16 =   8 x 1B6 8B48 12B8 = 128
9 x 16 =   9 x 1B6 9B54 14B4 = 144

10 x 16 =  10 x 1B6 10B60 16B0 = 160

3B 4 34 x 56
↓ 15BB 20B 5B
↓ 18B 24 6

15BB 38B 24
15BB 40B 4

19 0 4
and that 1904 / 56 = 4B -6 = 3B 4 tens

? 4B ? -6 34 x 56
↑ 20BB -30B 5B
↑ 24B -36 6

20BB -6B -36
20BB -6B -40+4

19 0 4

We see that  8 16s is 12B8 tens,                 and that 34  56s = 19BB 0B 4 tens
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ReCounting Goods gives 
PerNumbers and Fractions
A per-number 4kg/5$ recounts goods in kg’s and dollar’s.
ReCounting in the per-number changes units (proportionality)

• Question: 20kg = ? $. 
• Answer:     20kg = (20/4) * 4kg = (20/4) * 5$ = 25$. 
• Question: 20$ = ? kg. 
• Answer:     20$ = (20/5) * 5$ = (20/5) * 4kg = 16kg. 

Footnote.
With like units, per-numbers become fractions: 4$/5$ = 4/5, and 40$/100$ = 40%

With PerNumbers, No More Proportional Reasoning & Multiplicative Thinking
28

Question: 8$  = ?%     with 40$ = 100%, 
Answer:     8$  = (8/40)*40$ = (8/40)*100% = 20%

Question:    80% = ?$   with 40$ = 100% 
Answer:        80% = (80/100)*100% = (80/100)*40$ = 32$
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The ReCount Formula and per-numbers are 
the core of STeN (economics & Numeracy included)
STeN typically contains multiplication formulas about changing units
• $ = ($/hour) * hour = salary * hour
• kg = (kg/cubic-meter) x cubic-meter = density x cubic-meter
• force = (force/square-meter) x square-meter = pressure x square-meter 
• meter = (meter/sec) x sec = speed x sec 
• energy = (energy/sec) x sec = Watt x sec 
• energy = (energy/kg) x kg = heat x kg
• gram = (gram/mole) x mole = molar mass x mole 
•  momentum = ( momentum/sec) x sec = force x sec
•  energy = ( energy/ meter) x meter = force x meter = work
• energy/sec = (energy/charge) x (charge/sec) or Watt = Volt x Amp
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ReCounting Sides in a Stack halved by its Diagonal
gives Trigonometry before Geometry, and 

In Greek, geo-metry means to earth-measure. The earth may be divided in triangles; 
that may be divided in right triangles; that may be seen as a stack halved by its 
diagonal. This ‘half-stack’ has three sides: the base b, the height h, & the diagonal d, 
connected with the angle A by per-number formulas recounting the sides pairwise.

h = (h/b) x b = tanA  x b 
h = (h/d) x d  = sinA x d 
b = (b/d) x d  = cosA x d

tanA = h/b = y/x = rise/run = the diagonal’s slope 

A circle contains very many small half-stacks, so half
the circumference is:  = n x tan(180/n) for n large

B

d                           h

A                      b                    C 30M
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Triangles on a BundleBundleBoard
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● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

Point A is at the (2,3) dot. Point B is at the (3,8) dot. And point C is at the (7,5)dot. 
To find length, angles and area of the triangle ABC we enclose it in a 5 5s stack.
All three angles are split in two outer, and one inner angle. 
We find the left angles using tangent, and the sides by using sine
Tan A = 1/5, so A = 11 degrees. 
And, sin A = 1/c. But, 1 = (1/c)*c, so, 1 = sin 11.3 * c, c = 1/sin11.3 = 5.1
Likewise, tan B = 3/4, so B = 37 degrees. And, tan C = 5/2, so C = 68 degrees
The side a = 5.7, and the side b = 5.4. The area of the three outer half-stacks are ½*( 1*5 + 3*4 + 5*2) = 13.5. 
So, the area of the inner triangle ABC is 5*5 – 13.5 = 11.5
To find the angles in the triangle ABC we begin with 90 degrees for A and 180 degrees for B and C. 
Then we pull away the two neighbor angles in the outer right triangles and get: 
A = 90 – 22 – 11 = 57 degrees, and B = 180 – 79 – 37 = 64 degrees, and C = 180 – 68 – 53 = 59 degrees. 
Finally, we test the results by adding the three angles: 57 + 64 + 59 = 180. 

B

                                                  C

A



A Trip in Time changes the place on a BBBoard
A Line meets a Line

On a space-board, the first dot is number 1. 
But on a time-board it is number 0 since we have not yet changed place. 
In a 2 4s stack, the diagonals slope up 2 per 4, 2/4, or down -2 per 4, -2/4.
We take a 2 per 4, 2/4, trip from the (0,0) dot to an unknown (x,y) dot. 
If the angle hasn’t changed, we will have that 
Tan A = y/x = 2/4, or y = 2/4 * x, or y = ½ * x, called the line’s equation.
This formula can find one number if the other number is known. 
Another line goes from the (0,9)-dot to the (9,0)-dot. 
Inside its 9 9s stack the diagonal slopes -9/9 or -1/1. 
So, after x steps y have decreased to y = 9 – x. 
The lines then meet where y = ½ * x = 9 – x. 
Here, we change the unit by recounting x in 2s as x = (x/2) * 2 = 2 * u with u = x/2 and x = 2*u
Now, ½ * x = 9 – x gives, ½ * 2 * u = 9 – 2 * u, or u = 9 – 2 * u, or u + 2 * u = 9, or 3 * u = 9, or u = 9/3 = 3. 
This gives x = 2 * u = 2 * 3 = 6. 
Here, y = 9 – 6 = 3, so the two lines meet at the (6,3)-dot. 

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●
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BBBoard as a TimeBoard for Trips with Meeting Points
A Line meets a Circle

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

Circle  x^2 + y^2 = 10^2 
Meeting point (x,y) = (9, 4.5)

The circle with radius 10 and center in the (0,0)-dot 
contains the (x,y)-points, where x^2 + y^2 = 10^2. 
On its way the y = 1/2*x line meets the circle in the (x,y)-dot 
that is placed both on the line and on the circle. 
So, y = ½*x makes x^2 + y^2 = x^2 + (½*x)^2 = 100, 
Or, x^2 + ¼*x^2 = 100. 
We change the unit by recounting x in 2s as 
x = (x/2)*2 = 2*u with u = x/2.
Then (u*2)^2 + ¼*(u*2)^2 = 100, or 4*u^2 +  u^2 = 100, 
or 5*u^2 = 100, or u^2 = 100/5 = 20, or u = √20, or u = 4.5. 
Which gives x/2 = 4.5, or x = 2*4.5 = 9. Here y = 2/4*9 = 4.5. 
So, they meet in point (9, 4.5).
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BBBoard as a TimeBoard for Trips with Meeting Points
A Line meets a Parabola

Parabola  y = (x-3)^2
Meeting points (x,y) = (2, 1) & (4.5, 2.25)

A trip where y = (x-3)^2 = x^2 – 6*x + 9 is a bent line called a 
parabola. It meets the y = 1/2*x line in point (x,y) that is 
placed both on the line and on the parabola. 
So, y = ½*x makes ½*x = x^2 – 6*x + 9, or x^2 – 6.5*x + 9 = 0. 
On the board we see they meet in point (2,1). 
To find the other meeting point we write 
x^2 – 6.5*x + 9 = 0 as (x – 2) * (x – u) = 0. And,
(x – 2) * (x – u) = x^2 – u*x – 2*x + 2*u = x^2 – (u+2)*x + 2*u. 
We see that, u+2 = 6.5, and 2*u = 9, both give u = 4.5
And that, (x – 2)*(x – 4.5) = 0 gives x = 2 and x = 4.5. 
Here y = ½*2 = 1 and y = ½*4.5 = 2.25.
So, the line meets the parabola in (2, 1) and (4.5, 2.25).
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Bending Lines give Parabolas 
with Touch-Down points & Turning points
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Line y = 2*x & Parabolas                   Pulling the Top up            
with -1/2*x^2 & -1/3*x^2 & -1/4*x^2           y = 2 * (2*x – ¼*x^2)

0                                                                    9            0                                          9
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  9The line y = 2*x may be bent 

with some x^2. This makes 
y = 0 sooner or later.

A parabola with y = 0 in x = 0 
and x = p has the formula

y = c*(x-p)*x = c*x^2 – c*p*x

So,

If c = -1/4, and y = 0 for x = 8, 

y = -1/4*x^2 – (-1/4)*8*x

y = -1/4*x^2 + 2*x
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Bending a DownLine UP to Parabolas 

with Turning points

Line y = 10 - 2*x & Parabolas                        y = 10 - 2*x + 1/10*x^2 kisses the floor 
with +1/2*x^2 & +1/3*x^2 & +1/4*x^2
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CounterBending Parabolas allready Bending Lines

Line  y = 2*x  BENT to a Parabola  y = 2*x -1/2*x^2  COUNTERBENT to a DoubleParabola  y = 2*x -1/2*x^2 + a*x^3
                         a = 1/30                                                                     a = 1/32                  a = 1/33
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Parabola DartGame: Hit 7 with • Rise • Bent • CounterBent
Dot 1 = first, and, square 1 goes from 0 to 1, making the BBBoard a Coordinate system

y = a*x                                                       y = 2*x – a*x^2                                    y = 2*x – 1/2*x^2 + a*x^3
              Line with Rise                                                     Parabola Bent                                DoubleParabola CounterBent
 from 63 to 45 to 27 to 35 degrees         from 0 to -0.5 to -0.11 to -0.19 to -0.13              from 0 to 0.04 to 0.03 to 0.037

0                                                                          10   0                                            10    0                                                                          10
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Solving Quadratic Equations the Vertex way

A parabola is a bent line with 
Vertex, (P,Q), & bend-number, a 

y = ?             y = a*(x – P)^2 + Q

x = ?            (x – P)^2 = (y – Q) * 1
𝑎

                       x = P ± 𝑦−𝑄

𝑎

y

Q

                           x        P        x
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Once Counted & ReCounted, Totals may Add

BUT:        NextTo or                      OnTop

4 5s + 2 3s = 3B2 8s 4 5s + 2 3s = 5B1 5s
The areas are integrated 

Adding areas = Integration
The units are changed to be the same

Change unit = ReCounting = Proportionality
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Reversing next-to addition 

“If T1 = 2 3s and T2 add next-to as 4 7s, what is T2?” 
We pull away the initial block T1 before recounting the rest in 4s.
The recount formula predicts the result:
T2 = (T2/B) x B

= ( (4x7 – 2x3)/4) x 4 = 5.2 4s
Since reversed next-to addition finds area-differences, it is called 
differential calculus. Here subtraction precedes division; which is 
natural as reversed integration.
Here, (4x7 – 2x3)/4 = (4x7 – 2x3)/(7 – 3) = T / B is a change per-number

(4x7 – 2x3)/4 5.some

(4x7 – 2x3) – 5x4                  2
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Subtraction before Addition to avoid 2digit numbers.
But, always Include Units

● ● ● ● ●

● ● ●

5 – 3 0B5 – 0B3 0B2 2

3 – 5 ½B-2 – ½B 0B-2 -2

9 – 6 ½B4 – ½B1 0B3 3

6 – 9 ½B1 – ½B4 0B-3 -3

8 – 2 ½B3 – ½B-3 0B
(3- -3) 

6

2 – 8 ½B-3 – ½B3 -3 – 3 -6 

52 – 36 5B2 – 3B6 2B-4
1B6

16

36 – 52 3B6 – 5B2 -2B4  
-1B-6 

-16
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Adding and Subtracting Numbers with like Units, 
9 + 7 = ? & 9 – 7 = ?
Inside the ‘essence-math paradigm’, numbers add serial next-to on the 
number line. We find the result by counting on or back 7 times from 9. 

Outside, in the ‘existence-math paradigm’, numbers add parallel on-top. 

• Added indirectly as less-numbers: 
T = 7 + 9 = B -3 + B -1 = 2B -4 = 16
• Added directly as half-bundles
T = 7 + 9 = ½B 2 + ½B 4 =  1B 6 = 16
• Subtraction is the difference: 9 – 7 = 2.

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●
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● ● ● ● ● ● ● ● ● ●
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Per-numbers add as Areas (Integral Calculus)
Here, the per-number p is piecewise constant, which gives the sum  (p*x)
that becomes ∫p*dx, if p is locally constant (by interchanging epsilon & delta)

       2 kg   at   3 $/kg
    + 4 kg   at   5 $/kg
(2+4) kg   at   p $/kg
• Unit-numbers add directly.
• Per-numbers must be multiplied to 

unit-numbers, thus adding as areas
under the per-number curve. 

• Here, multiplication before addition
• So, per-numbers and fractions are not numbers, 

but operators needing numbers to be numbers.

$/kg

5
p
3                                 4x5 $
         2x3 $

   0                  2                                     6    kg

Question: “2kg at 3$/kg + 4kg at 5$/kg = 6kg at ? $/kg?” 

p =  ($/kg x kg)
 kg
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Subtracting PerNumbers (Differentiation)

2 kg   at   3 $/kg
    + 4 kg   at   ? $/kg

6 kg   at   5 $/kg
We remove the initial 2x3 block, and recount 
the rest in 4s to get the per-number. 

So, reversed per-number addition means 
subtracting areas to be reshaped, called 
differential calculus.

Here subtraction (giving a change, ) comes 
before division, the reverse of multiplication 
before addition in integral calculus.

$/kg

 ?
 5       
                   6 x 5 
 3
          2 x 3                  4 x ? 

   0                    2                                        6    kg

“2kg at 3$/kg + 4kg at what = 6kg at 5$/kg?” 
2x3 + 4x? = 6x5

? = (6x5 – 2x3)/(6-2) 
               ? = $/kg
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Adding Differences makes all middle-numbers Disappear:
sum of T =     T6-T5   +   T5-T4   +   T4-T3   +   T3-T2   +   T2-T1     = T6 – T1

T T 
= T2 – T1

T Sum of T Sum of T 
= T6 – T1

3
4 4 – 3 = 1 1
6 6 – 4 = 2 1 + 2 = 3
9 9 – 6 = 3 3 + 3 = 6

11 11 – 9 = 2 6 + 2 = 8
12 12 – 11 = 1 8 + 1 = 9 = 12 - 3
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Used to add per-numbers by integration where, d(x^2) = 2*x dx:                             = 9

3
 (x^2) = 9^2 – 3 ^2න

3

9

2 ∗ 𝑥 𝑑𝑥



Fractions need Totals to add 
but     a Different             or         the Same Total?

● ● ● ● ● ●   ● ● ● ●

● ● ● ●

1/2 of 6 + 2/3 of 6 = 7/12 or 7/6 ??
3 of 6 + 4 of 6 = 7 of 12                                3 of 6 + 4 of 6 = 7 of 6

Wihout a Total? Chose a Total yourself
1/2 + 2/3 = 1/2 * T + 2/3 * T = ? * T
Choose T = 2 * 3 = 6 
1/2 * 6 + 2/3 * 6 = u * 6, so, 3 + 4 = u*6, 
so, 7 = u * 6, so u = 1/2 + 2/3 = 7/6

1/3 * 2/5 = 1/3 * 2/5 * T                        
Choose T = 3 * 5 = 15
1/3*(2/5*15) = u*15, so 1/3 * 6 = u*15, 
so 2 = u * 15, so u = 2/15 = 1/3 * 2/5
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Bayes: Fractions need Totals to add
as in CrossTables

B U B U B U
Left 1 2 3 Left 1/3 2/3 1 Left 1/2 2/3 -
Right 1 1 2 Right 1/2 1/2 1 Right 1/2 1/3 -
Total 2 3 5 Total - - - Total 1 1 -

On my right hand I see 3 fingers to the left, the Ls, and 2 fingers to the right, the Rs.    
I bend the 2 outer fingers. So, 1/3 of the Ls are Bent, and ½ of the Rs are Bent.
Question: If 1/3 + 1/2 = 2/6 + 3/6 = 5/6, then 5 of 6 fingers are Bent?

No, fractions need Totals: 1/3*3 + ½*2 = 1 + 1 = 2 of (3+2) are Bent. Here, 𝟏

𝟑
+ 𝟏

𝟐
=

𝟐

𝟓

Question: Does “1/3 of the Ls are Bent” mean that “1/3 of the Bent are Ls”? 
No, ½ is: 1/3 of 3 is 1, & , 1 of 2 is 1/2. In a cross-table, to go from the fractions in  
one direction to those in the other direction, we must go over the Totals first. 
So, NEVER EXCHANGE SIDES.          Or, formally: p(A I B) * p(B) = p(B I A) * p(A)

B U U U

B B
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Adding Fractions without Units creates a
Fraction Paradox

Again, we see that fractions are not numbers, but operators, 
needing units to become numbers. Mixing English and 
metric units made NASA’s Mars Climate Orbiter fail in 1999.

The Teacher The Students
What is 1/2 + 2/3? Well, 1/2 + 2/3 = (1+2)/(2+3) = 3/5
No!    1/2 + 2/3 

= 3/6 + 4/6 
= 7/6 

But 1 red of 2 apples + 2 red of 3 apples 
is 1+2 red of 2+3 apples, i.e., 3 red of 5 apples! 
How can it be 7 red out of 6 apples?

Inside this classroom 
1/2 + 2/3 IS 7/6, always!

. .
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Two Stacks are outside the 3 invisible Squares
Inside the (a+b) square there is a diagonal      
c-square+ four half a-x-b stacks. 
Without the 2 top stacks there is an a-square 
next-to a b-square. So, a^2 + b^2 = c^2.
Hence, squares add as squares.
(Pythogoras)

a
                c
             b
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Here a 3-square 
adds a 4-square and 
becomes a 5-square

Here a 3-square 
adds a 4-square and 
adds a 5-square and
becomes a 7-square

Here a 4-square 
adds a 3-square and 
adds a 3-square and
adds a 3-square and
becomes a 6.6-square

Squares add as Squares via a Bottom-Top line2 
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Adding squares also solve Quadratic Equations 

On a BBBoard we see that T = (x+3)*(x+3) is a square with four parts:         
2 squares, x^2 and 3^2, and 2 stacks, 2*3*x, so that T = x^2 + 6*x + 9. 

The quadratic equation x^2 + 6*x + 8 = 0 then
makes the whole square go away except 9-8 = 1. 
So (x+3)^2 = 1, which gives two solutions , 
x = -2   &   x = -4 

The quadratic equation x^2 + 6*x + 10 = 0
has no solutions since here  (x + 3)^2 = -1: 
(x + 3)^2 = x^2 + 6*x + 9 

= x^2 + 6*x + 10 – 1 = 0 – 1 = -1   
52M
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Adding letter-numbers with like units
T = a + a*b = ?       &      T = a*c^2 + a^2*b*c = ? 
• Finding units in a + a*b:
a = 1*a = 1 a’s   &   a*b = b*a = b a’s, so
T = a + a*b = 1 a’s + b a’s = (1+b) a’s = (1+b)*a
We remove a common unit to put outside a bracket. 
Or, outside factors may distribute inside a bracket.
T = a * (1 + b) = a * 1 + a * b = a + a * b 
• Finding units in a*c^2 + a^2*b*c with a ‘Unit Sieve’
a*c^2 = a*c*c = c * (a*c) = c ac’s
a^2*b*c = a*a*b*c = a*b * (a*c) = a*b ac’s
T = a*c^2 + a^2*b*c = (c + a*b) ac’s = (c + a*b)*a*c

Unit Sieve a b c

a * c^2 *a *c*c

a^2 * b *c *a*a *b *c

Common unit *a *c

a * c^2 *c

a^2 * b *c *a *b

Sum of a*c’s *a *b +c
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Switching, Uniting & Splitting Units

Turning a 2D block will change the unit
T = 2 3s = 2x3 → T = 3 2s = 3x2, 
So, T = 2x3 = 3x2 (The Commutative law)

Turning a 3D block will also change the unit
So, T = 2x(2x3) = (2x2)x3 (The Associative law)

A block may split into two parts
T = 3 5s = 3 2s + 3 3s
So, T = 3x5 = 3x(2+3) = 3x2 + 3x3 (The Distributive law) 
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Prime Numbers & Foldable Numbers 
When can stacks be Folded in like Bundles? 
The stack T = 2 4s = 2 x 4 has 4 as the bundle-unit. 
Turning over gives T = 4 2s = 4 x 2, now with 2 as the bundle-unit. 
4s can be folded in another bundle as 2 2s, whereas 2s cannot.
(1 is not a bundle, nor a unit since a bundle-of-bundles stays as 1). 
We call 2 a prime unit number, 
and 4 a foldable unit number, 4 = 2 2s. 
A stack of 3 2s cannot be folded in like bundles. 
A stack of 3 4s can be folded: T = 3 4s = 3 x (2 x 2) = (3 x 2) x 2 = 2 3x2s. 
A number is called even if it can be written with 2 as the unit, else odd. 
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Finding Possible Units
What are Possible Units in T = 12?

Units come from folding in prime units: 
T = 12 = 2 x 2 x 3

T = 12                             =          2 2x3s =     3 2x2s =   2x2 3s   = 2x3 2s

T = 1 12s =          2 6s =     3 4s =     4 3s = 6 2s
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Existence before Essence makes Children
BundleCount in BundleNumbers with Units on a BundleBundleBoard

This Reverses the Operation order
POWER Bundles Bundles
LOG Counts the number of Bundlings
ROOT Finds the side in a BundleBundle
DIVISION PUSH-away Bundles
MULTIPLICATION PUSH-back Bundles to stack
SUBTRACTION PULL-away Bundles to find the unBundled to place on-top
ADDITION PULL-back Bundles to unite

ON-TOP T = (T/B)*B reCounting makes the units like by LINEARTY
NEXT-TO as areas rooting CALCULUS

2 2s = 2^2 = 1BB = 1B^2
4 2s = 1BBB = 1B^3
log2(8) = 3, log3(9) = 2
8 = 1BB?,  √8 <  3 (=2.8)

57

9 = 4B 1 = 4 ½ B = 5B -1  2s
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POWER for the BundleBundles
LOG counts the BundleBundlings
ROOT finds the side in a BundleBundle Square

Fingers Power & Log Tens BundleBundles Root

I I I I I T = 0B 5 2s ❿❿❿❿ IIIIIIIIII  II 1BB 2s = 4 1s √4 = 2

II  I I I T = 1B 3  Overload T = 4B 12 Overload 1BB 3s = 9 1s √9 = 3

II  II  I T = 2B 1 Log2(4) = 2 T = 5B 2 = 52 1BB 4s = 16 1s √16 = 4

II  II  II T = 3B -1 Underload T = 6B -8 Underload 1BB 5s = 25 1s √25 = 5

II II   I T = 1BB 0B 1 T = 234 = 2BB 3B 4 1BB 6s = 36 1s √40 = 6.more

II II   I
II II   I

T = 2BB 0 B 2
T = 1BBB 0BB 1B 0
Log2(8) = 3

T = 2345 
T = 23BB 4B 5
T = 2BBB 3BB 4B 5

1BB ?s = 40 1s
40 – 36 = 4
1BB 4 6s = 40 1s
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A Total’s change may be constant

In time, a total changes when added or multiplied by a number, called change 
by adding or by multiplying, or linear and exponential change.
• Change by adding: Final number = Initial number + change-number * change times, or 

shortly,  T = B + a*n. The number a is also called the slope.
• Change by multiplying: Final number = Initial number * change-factor ^ change times, or 

shortly, T = B * a^n, since 200$ + 5% = (200*105%) $, so here a is 1 + interest rate.
• Combined change (savings): A/a = R/r, where A is end-dollars, a is the period-dollars, R is 

the end-rate, r is the period-rate, and 1+R = (1+r)^n, where n is the number of rates.   

r%                                          r%   
a/r a/r*r = a      a/r*R = A

100% split in n parts will give the Euler number e = (1+1/n)^n for n large.
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BBBoard as a TimeBoard showing 
Growth an Decay with Adding and Multiplying 
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T = 100 + 10*n                                                                        T = 100 – 10*x             
                          T = 100 * 1.10^n                                                                    T = 100 * 0.90^n

90

10

190

100
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Save to pay a Debt r  ↓ r  ↓
a/r r*(a/r) = a → A = R*a/r

ACC01 ACC02
Start Debt D 100$

Period n 10

Yearly Interest r 10% = 0.10

Total Interest  R = (1+r)^n – 1 (1+0.10)^10 – 1 
= 2.594 – 1 
= 1.594 = 159.4%
= 100% + 59.4% extra

End Debt D*(1+R) 100$ * 2
= 313.8$

PayBack basic a1 = D*r 100$*0.10 = 10$

PayBack extra a2 = D*r/R 10$/2.138 = 4.68$

PayBack total a = a1 + a2
a = D*r*(1+1/R)

10$ + 4.68$ = 14.68$

Saving A A = a*R/r 14.68$*2.138/0.10
= 313.8$

We open two accounts in a Bank where the 
periodical interest is r, e.g., r = 10%.

Account ACC01 receives one deposit a/r, and 
a periodical interest, r*(a/r) = a.

This is at once transferred to ACC02 that also 
receives the periodical interest. 

ACC02 now is a saving, S, receiving a fixed 
amount and interest each period. 

ACC02 also has the total interest, R*(a/r).

A = R*a/r, or A/a = R/r , where 1+R = (1+r)^n. 

This can pay a debt grown to D*(1+R).

So, a1 = D*r will keep the debt constant.

And, a = D*r*(1+1/R) will pay the debt.
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Change 
by Adding             by Multiplying              by Saving
T = B + 10*n              T = B*1.10^n                   A = R/r * 16

n +10$ T +10% T R +10% +16$ A
0 100$ = 100$ 100$ = 100$ (1+r)^n –1 0$

1 100$ + 1*10$ = 110$ 100$ * 1.10 = 110$ 10% /10% * 16 = 16$

2 100$ + 2*10$ = 120$ 100$ * 1.10^2 = 121$ 21% /10% * 16 = 34$

3 100$ + 3*10$ = 130$ 100$ * 1.10^3 = 133$ 33% /10% * 16 = 53$

4 100$ + 4*10$ = 140$ 100$ * 1.10^4 = 146$ 46% /10% * 16 = 74$

5 100$ + 5*10$ = 150$ 100$ * 1.10^5 = 161$ 61% /10% * 16 = 98$

10 100$ + 10*10$ = 200$ 100$ * 1.10^10 = 259$ 159% /10% * 16 = 255$
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Reversing Change by Adding and Multiplying give 
equations, all solved by ‘opposite side & sign’
Reversing change by adding gives one equation:
• 100 = 20 + 5 * u, easily solved by reuniting and recounting: 
100 = (100–20)+20, so 5*u = 100–20 = 80 = (80/5)*5, so u = 80/5 = 16.
Reversing change by multiplying gives two equations: 
• In the equation, 20 = u^5, 5 factors u give 20, which is 
predicted by a factor-finding root, u = 5

20 = 1.82. 
• In the equation, 20 = 5^u, u factors 5 give 20, which is 
predicted by a factor-counting logarithm, u = log5(20) = 1.86. 
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u + 2 = 8 u * 2 = 8 u^8 = 2 2^u = 8

u = 8 – 2 u = 8/2 u =8
2 u = log2(8)



A Total’s change may be changing constantly, 
or Pre-dictably, or Post-dictably
• Changing the change-number constantly will give a quadratic change with a 

parabola curving upwards or downwards if the change increases or decreases.
• Changing the curvature constantly will give cubic change with a double parabola 

with a curvature and a counter-curvature. 
• Decreasing the change-factor constantly will give a (logistic) saturation growth 

with a hill-curve, e.g., infections. Confusion between exponential and saturation 
change can cause unnecessary damage.

If the change of a Total is not ‘pre-dictable’, it may be ‘post-dictable’ by an 
average and a deviation telling the average distance to the average. 
However, averaging numbers only makes sense if they could have been equal:
Students in grade 1 and 9 do not attend grade 5 on average. 
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Many Accounts may create 
a Pascal Triangle

Time 0 Time 1 Time 2 Time 3 Time 4 Time 5

AC0 1 1 1 1 1 1
AC1 1 2 = 1 + 1 3 = 2 + 1 4 = 3 + 1 5 = 4 + 1
AC2 1 3 = 1 + 2 6 = 3 + 3 10 = 6 + 4
AC3 1 4 = 1 + 3 10 = 4 + 6
AC4 1 5 = 1 + 4
AC5 1

Counting in doublings-times, we look at an account AC0 receiving 1 unit at time 0. 
• At time 1, the 100% interest of AC0 is transferred to account AC1. 
• At time 2, the interest of AC0 is transferred to account AC1, and the interest of AC1 is 
transferred to account AC2, etc. The numbers form a Pascal Triangle
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Adding Chances 
at Coin flippingA
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4 5 6 7 8

Months in 3s

0
2
4
6
8

10
12

Months in tens

1                           2

BundleCounting improves Statistics

Mode: 1 & Quartiles: 1, 1, 2 Mode: 6 & Quartiles: 5, 6, 7

Data 14 16 16 16 17 17 18 18 18 19 19 20 21 21 21 21 24 24 25 25
in 10s 1B4 1B6 1B6 1B6 1B7 1B7 1B8 1B8 1B8 1B9 1B9 2B0 2B1 2B1 2B1 2B1 2B4 2B4 2B5 2B5
in 03s 4B2 5B1 5B1 5B1 5B2 5B2 6B0 6B0 6B0 6B1 6B1 6B2 7B0 7B0 7B0 7B0 8B0 8B0 8B1 8B1
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A BBBoard for StoryTelleing, Modeling

Parabola:  y = (x – 3)^2                Parabola: y = x*(6 – x)                Infected: dayly & totally 
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The Algebra Square ReUnites World’s 4 Number-types: 
Unlike & Like, Unit- & Per-numbers

Unite

Split into Unlike Like

Unit-numbers

(meter, second)

T = a + b

T – b = a

T = a*b

T/b = a

Per-numbers

(m/sec, m/100m = %)

T =  f dx

dT/dx = f

T = a^b
b√T = a     loga(T) = b

The Arabic word Algebra means to reunite, to unite and split. Numbers are united in 
four ways: Addition unites unlike unit-numbers. Multiplication unites like unit-
numbers. Integration unites unlike per-numbers. Power unites like per-number.
The opposite is to split into. Subtraction splits into unlike unit-numbers. Division splits 
into like unit-numbers. Differentiation splits into unlike per-numbers. Finally, the 
factor-finding root and factor-counting logarithm splits into like per-numbers.
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Fact & fiction & fake, the 3 genres of both the 
word-language and the number-language
• Once we know how to count and recount totals, and how to unite and split the four number-

types, we can now actively use this number-language to produce tales about numbering and 
numbers; and about totaling and totals in space and time. This is called modeling.

• As in the word-language, number-language tales also come in three genres: fact, fiction, 
and fake models that are also called since-then, if-then, and what-then models, or room, 
rate, and risk models. 

• Fact models talk about the past and present, and they only need to have the units checked. 

• Fiction models talk about the future, and they need to be supplemented with alternative 
models built upon alternative assumptions. 

• Fake models typically add without units, e.g., when claiming that ‘2+3 = 5’ always despite 
2weeks + 3days = 17days, thus transforming mathematics to ‘mathematism’.
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Modeling has 3 genres, Fact & Fiction & Fake
And, not 8, only 2 Competences: Count & Add
• Modeling real world problems is difficult for essence-math needing 8 

competences; and failing to distinguish between the 3 genres, fact & 
fiction & fake ('Since-then/If-then/What-then, or 'room/rate/risk' 
models). All models are said to be approximations. 

• By using formulas from the start, existence-math avoids modeling 
problems with its 2 competences, Count & Add, as it sees itself as a 
number-language parallel to the word-language, both of which have a 
meta-language (a grammar) and 3 genres. 

Meta-language This is a sentence This is a formula

Inner language This is a stone T = 3 4s

Outer world   IIII  IIII IIII

WORD  NUMBER
language                 language

Fake models are, e.g., mathematism adding 
numbers without units, as well as averages 
of numbers that could never be equal.
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Numeracy as ‘Math with Units where Additon Folds 
but Multiplication holds’: Existence replaces Essence 

Numeracy, EXISTENCE Math, ESSENCE
Digits Icons Symbols
345 T = 3BB 4B 5, BB = B^2, BBB = B^3 The place value system tells it
Operations Icons, order  ^  /  x  -  + Functions, order  +  -  x  /  ^
3 + 4 Meaningless without units 3 + 4 = 7
3 * 4 3 * 4 = 3 4s 3 * 4 = 12
9 = ? 2s 9 = 3B 3 = 5B -2 = 4B 1 = 4½ 2s Meaningless, only ten counting
8 = ? 2s 8 = (8/2) * 2, T = (T/B) * B, proportionality Meaningless, only ten counting

2 * u = 8 2*u = 8 = (8/2) * 2, so u = 8/2
(2*u)*½ = 8*½, so (u*2)*½ = 4,
so u*(2*½) = 4, so u*1 = 4, so u = 4

6 * 7 = ? (B-4)*(B-3) = (10-4-3)*B+12 = 3B 12 = 4B 2 =42 eh 44, eh 52, eh 42? OK
4kg = 5$, 6kg=? 6kg = (6/4) * 4kg = (6/4) * 5$ 1kg = 5/4$, 6kg = 5/4*6$
1/2 + 2/3 = ? ½ * 2 + 2/3 * 3 = 3/5 * 5 1/2  + 2/3 = 3/6 + 4/6 = 7/6
2*3 + 4*5 2*3 + 4*5 = 2 3s + 4 5s = 3B2 8s, by integration 2*3 + 4*5 = 10*5 ?? sorry, 6+20 =26
7 + 9 = ? 1B -3 + 1B -1 = 2B -4 = 1B 6 = ½B 2 + ½B 4 = 16 7 + 9 = 16
Tangent = ? rise = (rise/run)*run, tan(Angle) = rise/run Tan = sine/cosine
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STeN: Science on a BundleBundleBoard

Using a BBBoard as a coordinate system, the first dot has the position 
(x,y) = (½, ½). We like to find the orbit of a ball that begins in (0,0) and that 
changes position with the steps: (+1, +4), (+1, +3), (+1, +2), etc. How high 
comes the ball? Where is the touchdown? Next we follow orbits with the 
steps (+1, + 3), (+1, +2), etc. And with the steps (+2, +4), (+2; +3), etc.
Now we like to find the orbit of a jump from a swing that is fixed in (x,y) = 
(0, 8) and that turns at the height 4. We jump from the point (4,2) where 
the speed is √40 m/s.
With a jumping angle A found by, tan(A) = 4/6, our horizontal and vertical 
velocities are √40*cos(A), and √40*sin(A). Calculations show that there 
is touchdown after 1.07 seconds at the position (x,y) = (9.63, 0). 
Can we jump longer than that?
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STeN: Technology on a BundleBundleBoard

Motion is transferred from a circle to a line by 
a piston with the length 3. 
On the BBBoard with 2 as the unit we like to 
find the orbit of its endpoint when the angle 
with its contact point is A. 
We soon find the formula for the distance 
between the endpoint and the circle to be
√ [9 – (sin(A)^2)] – 1 – cos(A). 
So, with A as 0, 90 and 180 degrees, the 
distances are 1, 1.83, and 3.
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STeN: Engineering on BundleBundleBoard

On a sloping hill, roads will be more or less steep. On my bike I can make 
20 degrees. So, a BBBoard shows that I can make a 30% slope, but not a 
40% slope since here the steepness is 16.7 and 21.8 degrees. 
My company is asked to plan a road with hairpin turns and a 5 degrees 
steepness up a hill with a 20 degrees slope. 
The first guess is a road with √(10^2 + 2^2) = √104 as its length going 
from (0,0) to the point (10,2) with the height, 2*sin(20). 
Here the steepness angle A is found by the equation 
sin(A) = 2*sin(20)/√104, which gives A = 3.84 degrees. 
Likewise, a road to (10,3) has the angle A = 5.62 degrees. 
To which point should the road go?
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STeN: Cats eat Mice, if any

A cats and mice cohabitation on an island is an example of a predator-
prey model where cats eat mice. We expect a cycle in time since many 
cats and many mice leads to many cats and few mice, which leads to 
few cats and few mice, which leads to few cats and many mice, which 
leads to many cats and many mice once again. 
In a model we assume that a mice-population at 7 and 2 will make the 
cat-population change with 7-5 and 2-5 respectively. Likewise, a cat-
population at 7 and 2 will make the mice-population change with 5-7 
and 5-2 respectively. We see that initial populations at the level 5 will 
give a stable model. Here we assume that the initial populations for the 
cats and the mice are 8 and 1 respectively. The following period the two 
populations will then be 8 + (1-5) = 4, and 1 + (5-4) = 2 respectively. 
Continuing, we see that the cat population will change as 8, 4, 1, 2, 6, 
9, 8; and that the mice population will change as 1, 2, 6, 9, 8, 4, 1. This 
allows the points (8,1), (4,2), etc., to be marked on a BBBoard, showing 
a cycle continuing again and again. Different initial numbers will give 
different cycles.
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World Trade History I
European Silver for Eastern Silk & Pepper
The West Highland wanted Eastern Lowland’s silk & pepper.
The East wanted Western silver. 
Silver in Greece created Mathematics & letter numbers.
Silver in Spain created Roman numbers for administration.
German Silver via Italy imported Hindu-Arabic numbers.
Italy created Banks making money from interest on loans.
This financed Renaisance Art and German Music.
10$  + 10$   = 20$, but 
10% + 10% = 20% + 1% compound interest 
10% 10times = 100% + 159% com int. [259% = 110%^10]    1+R = (1+r)^n

Illustrations from the MrAlTarp video” A Postmodern Deconstruction of World History, https://youtu.be/xQAdrI_CvyYM
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UnSystematic & Systematic Bundling

Roman Numbers use unsystematic Bundling
IIIII -> V    •    VV -> X    •    XXXXX -> L   •   LL -> C    •    CCCCC -> D   •   DD -> M

Addition is easy, multiplication is not
XXX V III  +  XX V III = XXXXX VV IIIIII = LX X V I = LXXVI
XXX V III  *  XX V III = ? Oops, difficult

HinduArabic Numbers use systematic Bundling
Ten 1s -> 1 tens    •   ten tens -> 1 Hundreds    •    ten Hundreds -> 1 Thousands
a Bundle of 1s -> 1 B    •    a Bundle of Bs -> 1 BB    •    a B of BBs -> 1 BBB

Addition is easy, multiplication is easy
38 + 28 = 3B 8 + 2B 8 = 5B 16 = 6B 6 = 66
38 * 28 = 3B 8 * 2B 8 = 6BB 24B 16B 64 = 6BB 40B 6B 4 = 10BB 6B 4 = 1064
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Before: the Renaissance Miracle: Regula de Tri 
Now: Change Units by ReCounting, T = (T/B)*B
Renaissance Italy used ‘Regula de Tri’, the rule of three. They asked: 
“With the per-number 2$ per 3kg, what is the price for 9kg?”

First, they arranged the three numbers with alternating units: 
‘9kg, 2$, 3kg’. 
Then they found the answer by multiplying and dividing: 9*2/3 = 6$.

Today we use proportionality by recounting 9 kg in 3s: 
9kg = (9/3)*3kg = (9/3)*2$ = 6$ 
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World Trade History II:
American Silver for Eastern Cotton
Portugal’s searoute to India made Italy go bankrupt.
Spain found a westly searoute to the SilverLand, Argentina.
England robbed Spanish silver, and sailed on open sea to India following 
the moon ”That obeys the Lord’s unpredictable force”, said the Pope.
No, Newton said. As the apple, also the moon falls towards the earth, 
obeying nature’s predictable force from gravitational attraction.
”A force upholds order, and Arabic Algebra provides predicting 
calculations”
No, a force changes order, so I invent change calculations, calculus.
In India, England robbed cotton to be planted in North America.
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World Trade History III:
Industry, Closed & Free Trade
American cotton, African workers & English capital, 
created Tringular Trade.
The industrialized North created closed economies 
with the South as a supplier of raw materials, and as a 
market for the surplus production. 
Two world wars created an open global economy with 
free trade.
Supplying multiple armies let to the invention of an 
artrificial brain, a computer, programmed by the binary 
signals children learn in grade one when recounting 
five and ten fingers in 2s.
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World Trade History III:
Technology via Steam & Electrons
Power to industrial maschines may come from:
• The natural gravitational attraction creating water mills
• Heating and cooling a cylinder creates positive and negative 

pressure moving a piston up and down.
• Heating and cooling a left and right cylinder creates a steam wind 

rotating a turbine rotating a wire in a magnetic field to create a 
current of electons carrying motion from a central power plant to 
local consumers.

Turning sockets on and of creates binary signals 
so a computer can store & process information.
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The computer also let to more examples of new 
applied mathematics called Operational Research
Examples of OR, Operational Research
• Statistics
• Linear Programming
• Queueing Theory
• Decision Theory
• Information Theory
• Graph Theory
• Game Theory
• Artificial Intelligence
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UN: “By 2030, ensure that all youth achieve Numeracy”
Will replacing STEM with STeN make a difference?

By 2030 all Youth ”understand and work with numbers” if we change: 
• From HalfMath using CountingNumbers in time only 

to FullMath using BundleNumbers in space also. 
Hence, No Math in K-3, only CATS Numeracy where
   Children develop their own BundleNumbers with units 
   to Count and ReCount before Adding next-to or on-top
   using a BundleBundleBoard.

So, Math through Numeracy, not before!
Numeracy = Math with units
where addition folds, 
but multiplication holds.
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Videominiaturebillede: Fysik er svært, eller er det?

Videominiaturebillede: Bundkarakterer i 
tvangsklasser

Videominiaturebillede: Elektricitet i hovedtræk

Videominiaturebillede: 8 Missing Links of Mandarin Math I.avi

Videominiaturebillede: Deconstructing PreSchool Mathematics

Videominiaturebillede: Deconstructing Fractions.wmv

Videominiaturebillede: Deconstructing PreCalculus MathematicsVideominiaturebillede: A Postmodern Deconstruction of World History

Videominiaturebillede: Preschoolers learn Linearity  Integration by Icon-Counting  NextTo-AdditionVideominiaturebillede: Postmodern Mathematics Education.avi

Videominiaturebillede: CupCount and ReCount 
before you Add

Videominiaturebillede: Deconstructing Calculus

Videominiaturebillede: 8 Missing Links in Mandarin Math II.avi

Videominiaturebillede: A Postmodern Mathematics Education .avi

More MrALTarp
YouTube videos

Many before Math! Math DeColonized by the Child’s own 2D BundleBundle Numbers
Online math opens for a communicative turn in number language education.
AI and Difference Research in Math Education
Continuous means locally constant
From STEAM to STEEM part II

Flexible Bundle Numbers Develop the Childs Innate Mastery of Many
Children's innate Mastery of Many developed by flexible bundle-numbers
To master Many Recount before Adding
Bring Back Brains from Special Education in Mathematics
From STEAM to STEEM

Trigonometry Before Geometry Probably Makes Every Other Boy an Excited Engineer
Introducing the MATHeCADEMY dot net
Mathematics language or grammar
The two infection formulas, part 1
The two infection formulas, part 2

CupCount and ReCount before you Add
Preschoolers learn Linearity & Integration by Icon-Counting & NextTo-Addition
Deconstructing Calculus
Deconstructing PreSchool Mathematics
Deconstructing PreCalculus Mathematics

Deconstructing Fractions
A Postmodern Deconstruction of World History
8 Missing Links of Mandarin Math I
8 Missing Links of Mandarin Math II
A Postmodern Mathematics Education 85

https://studio.youtube.com/video/LNxOKud557w/edit
https://studio.youtube.com/video/CXmYH-moEl8/edit
https://studio.youtube.com/video/uXSEqfX79Kc/edit
https://studio.youtube.com/video/sTJiQEOTpAM/edit
https://studio.youtube.com/video/qgCwVZnALXA/edit
https://studio.youtube.com/video/PtRuk0EWmaQ/edit
https://studio.youtube.com/video/3C39Pzos9DQ/edit
https://studio.youtube.com/video/xQAdrI_CvyY/edit
https://studio.youtube.com/video/R2PQJG3WSQY/edit
https://studio.youtube.com/video/bSbOTKeHQRM/edit
https://studio.youtube.com/video/IE5nk2YEQIA/edit
https://studio.youtube.com/video/yNrLk2nYfaY/edit
https://studio.youtube.com/video/MItYFL-3JnU/edit
https://studio.youtube.com/video/ArKY2y_ve_U/edit


Micro Curricula in a Textbook
MC01. Digits as icons in space, IIIII = 5
MC02. Tally-counting in time, ****** = IIII I
MC03. Bundle-counting in time with units
MC04. Bundles counted in space with over- and 
underloads, 5 = 1B3 = 2B1 = 3B-1 2s
MC05. Splitting, 8 = (8-2)+2
MC06. Recounting, 8 = (8/2)x2
MC07. Including the unbundled, 
MC08. Recounting in squares, 6 4s = 1 BB ?s
MC09. Recounting in another icon, 3 4s = ?5
MC10. Recounting from tens to icons, 
MC11. Recounting from icons to tens
MC12. Recounting in another physical unit 
creates per-numbers, 3$/5kg
MC13. With same unit per-numbers are fractions
MC14. Recounting a stack’s sides gives 
trigonometry, rise = (rise/run)*run = tanA*run

MC15. Adding next-to or on-top, T = 2 3s + 4 5s = ? 
MC16. Subtracting and adding single digit 
numbers, 8+6 = 1B2 + 1B0 = 2B2 6s
MC17. Adding per-numbers and fractions by 
integral calculus
MC18. Adding Bundle-Bundle squares
MC19. Adding unspecified letter-numbers
MC20. Change in time
MC21. Bundle-numbers in a coordinate system
MC22. Games Theory and damage control
MC23. Simple board games
The Algebra Square
Fact and fiction and fake, the three genres of 
number-models
Modeling and de-modeling
Three footnotes
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BundleCount Before you Add Booklet 
Free to Download

M
at

h 
th

ro
ug

h 
N

U
M

ER
AC

Y 
sh

ow
in

g 
ho

w
 to

 U
N

D
ER

ST
A

N
D

 a
nd

 U
SE

 c
hi

ld
re

n’
s 

in
na

te
 B

un
dl

eN
um

be
rs

w
ith

 U
ni

ts
 to

 C
ou

nt
 &

 A
dd

 in
 T

im
e 

&
 S

pa
ce

, C
AT

S

87



1day free Zoom Seminar: 
To Cure Math Dislike, BundleCount before you Add
Action Learning based on the Child’s own Bundle-Numbers with Units

09-11. Listen and Discuss the PowerPointPresentation
Flexible Bundle-Numbers Develops Children’s Innate Mastery of Many, from MetaMatism to ManyMath
• MetaMatism = MetaMatics + MatheMatism
• MetaMatics presents a concept TopDown as an example, instead of BottomUp as an abstraction
• MatheMatism is true inside, but seldom outside the ‘no-unit-math’ greenhouse
• ManyMath, a natural science about Many, mastering Many by BundleCounting, ReCounting & 

Adding NextTo and OnTop. 

11-13. Zoom Conference. Lunch.

13-15. Workshop in the BundleCount before you Add booklet to experience proportionality & calculus 
& solving equations as golden LearningOpportunities in BundleCounting & NextTo Addition.

15-16. Coffee. Zoom Conference. 
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8 MicroCurricula for Action Learning & Research

C1. Create Icons 

C2. Count in Icons 

C3. ReCount in the Same Icon (Negative Numbers)

C4. ReCount in a Different Icon (Proportionality)

A1. Add OnTop (Proportionality)

A2. Add NextTo (Integrate)

A3. Reverse Adding OnTop (Solve Equations)

A4. Reverse Adding NextTo (Differentiate)
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Question Guided
Teacher Education

MATHeCADEMY.net 
Teaches Teachers to Teach MatheMatics as 
ManyMath, a Natural Science about MANY. 

To learn Math, Count & Add MANY,                               
using the CATS method: 

Count & Add in Time & Space
• Primary: C1 & A1 & T1 & S1

• Secondary: C2 & A2 & T2 & S2

MATHeCADEMY.net 
a VIRUSeCADEMY: 

ask Many, not the Instructor 
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Self-instructing free Teacher Training in Unit-Math, 
using CATS: Count & Add in Time & Space 1 & 2
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PYRAMIDeDUCATION

In PYRAMIDeDUCATION a group of 8 teachers are organized in 
2 teams of 4 choosing 2 instructors and 3 pairs by turn. 
• Each pair works together to solve Count&Add problems. 
• The coach assists the instructors when instructing their team and 

when correcting their Count&Add assignments. 
• Each teacher pays by coaching a new group of 8 teachers.

1 Coach
2 Instructors
3 Pairs
2 Teams
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DifferenceResearch finds Differences making a Difference
Action Learning            or           Action Research

Uncover a difference

                                         Listen                                     Publish
Local Peers                            (Re)Design                            Global Peers

Share                Test

Observe                A. Bakker: Design Research
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Recounting looks like Dienes MultiBase Blocks

• “Dienes’ name is synonymous with the Multi-base blocks (also 
known as Dienes blocks) which he invented for the teaching of 
place value. 

• He also is the inventor of Algebraic materials and logic blocks, 
which sowed the seeds of contemporary uses of manipulative 
materials in mathematics instruction. 

• Dienes’ place is unique in the field of mathematics education 
because of his theories on how mathematical structures can be 
taught from the early grades onwards using multiple 
embodiments through manipulatives, games, stories and dance.”

(http://www.zoltandienes.com/about/)
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Dienes on Numbers and MultiBase Blocks

“The position of the written digits in a written number tells us whether they are 
counting singles or tens or hundreds or higher powers. This is why our system 
of numbering, introduced in the middle ages by Arabs, is called the place value 
system. My contention has been, that in order to fully understand how the 
system works, we have to understand the concept of power.  (..) In school, 
when young children learn how to write numbers, they use the base ten 
exclusively and they only use the exponents zero and one (namely denoting 
units and tens) , since for some time they do not go beyond two-digit numbers. 
So, neither the base nor the exponent are varied, and it is a small wonder that 
children have trouble in understanding the place value convention. (..) 
Educators today use the “multi-base blocks”, but most of them only use the 
base ten, yet they call the set “multi-base”. These educators miss the point of 
the material entirely.”  
(What is a base?, http://www.zoltandienes.com/academic-articles/)
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Unit-Math turns Meta-Math upside down

Dienes teaches the 1D place value system with 3D blocks to illustrate 
the importance of the power concept.
• Unit-Math teaches decimal numbers with units and stays with 2D to 

illustrate the importance of bundle-units and of adding areas.
Dienes wants to bring examples of abstractions to the classroom
• Unit-Math wants to build abstractions from concrete examples
Dienes teaches top-down ‘MetaMath‘ derived from the concept Set
• Unit-Math is a bottom-up natural science about the physical fact Many. 

And sees Set as a meaningless concept as shown by  Russell’s set-paradox: 
The set of sets not belonging to itself, belongs to itself only if it does not.
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A Final 
Question
Should Ethical Quality Education force children into 
a ‘no-unit-math’ essence-regime that strangles their 
innate number-language by using line-numbers to 
learn no-unit addition that folds outside?

When their innate mastery of 
Many just waits to be developed by 
their own numbers with Bundle-units 
visible and tangible on a BBBoard.
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What happened next is seen in 
this workshop↓ & this folder→

Mathematics is easy if Many is mastered first with ManyMath
http://mathecademy.net/bundle-bundle-numbers-with-units/

Workshop: Flexible Bundle Numbers 
Develop the Childs Innate Mastery of Many 
https://youtu.be/z_FM3Mm5RmE
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